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1. OCHOBHI IIOHATTA MATEMATHUYHOI'O AHAJII3Y. 3SMIHHA
BEJIMYHUHA. ®YHKIIA

Y MaremMaTM4YHOMY aHaji3l OJHE 3 IEHTPAJbHUX MICIb 3aiiMa€e MOHSATTS
3MIHHOI BeMuuHM. [Ipu BUMiproBaHHI TakuxX (pI3UYHUX BEJIUYHMH, SK Yac, JTOBXKHHA,
wiomia, 00'eM, MIBHIKICTb, TUCK, TeMIepaTypa Ta T.lH. BU3HAUAIOTHCA IX UYMCIIOBI
3HaueHHs. MaremaTHKa Mae€ CIOpaBy 3 BEIMYMHAMH, BIABOJIKAIOUHUCH BIJ IX
KOHKPETHOTO BMICTYy. Y MOJabIIOMY, KaKydd MPO BEIUMYMHU, MU OyJIeMO MaTHh Ha
yBa3i X YUCJIOB1 3HAYCHHS.

3MminHOW 6euuuNHOl) HA3UBAETHCS BEJIWYWHA, SKa NpUMae pi3HI YHCIIOBI
3HaueHHA. BenuunHa, YucI0B1 3HAUECHHS SIKOT HE 3MIHIOIOTHCS, HAa3UBAETHCS CHAION)
eéeauyunoro. TpaauiiitHO 3MIHHI BEJIMYMHU IMO3HAYAIOThCA OykBamu X, Y, Z,..., a
ctaii — OykBamu @, b, C,... 1 T. 1.

3aysasicenna. Y wareMaTuIll cTaja BEJIMYMHA 4YacTO pO3TIIATAETHCS SIK
YaCTUHHUU BUIIAJOK 3MIHHOI, y SIKOT BC1 YUCJIOBI 3HAYEHHS OJTHAKOBI.

Busnauenna. fxwo 3a Oeskum npasuiom abo 3aKOHOM KONCHOMY
3HAYEHHIO 0EeSKOI 3MIHHOL X, WO HANeHCUMb 00 MHONCUHU X , 810N06i0ac
00He abo OeKilbKa 3HAa4YeHb IHWOI 3MIHHOI Y, W0 Hanexicumv 00
MHOJCUHU Y, MOOI KadiCymv, WO HA MHONMCUHI X 3a0aHa QYHKuia i
3anucyoms ye y eueasioi y = f(x).

[Tpu 11bOMy 3MiHHA BEIMYMHA X HA3UBAETHCS apeymenmom, f (x) - yukyicero.

Takox KaxyTh, 110 BEJIMYUHA Y 3anexcumsb BlJ BEIMYUHU X, TOMY ap2yMeHm
HA3UBAIOTh He3aneHCHO0, 3 DYHKIIIO — 3A/1eHCHOI0 3MIHHOTO.

2. CHOCOBH 3ABJIAHHSI ®YHKIIII

a) TabmuuHMit crioci6. Hanmpukiaa, Tabiwuiii torapudmis, KBaIpaTHUX KOPEHIB
TOILIO;
0) rpadiunuii crocid nossirae y mooyaoBi JiHii (rpadika), ae adbciucu
B1JI00pa)KaroTh 3HAYCHHS apTyMEHTY, a OpJMHATH — BIAMOBIIHI 3HAYCHHS (QYHKITIT;
B) aHAIITHYHHIA CTIOCi0 mosisrae y 3aBianHi QyHKIii oHier0, a00 AeKiTbKOMa
dbopmynamu. Hanpukinan, GyHKIIIOHATbHA 3aJIEKHICTh MK PaJIlyCcCoOM KoJia I Ta MOTo
JOBXKUHOIO S 3a7aeThes (POPMYIIO0 S = 27T,
Crit BKa3aTu TPY OCHOBHI CITIOCOOM aHATITUYHOTO 3aBAaHHs QyHKIin. Lle:
1) y= f(X) - byHKIis 3a1aHA SIBHO;
2) F(x,y) =0 - pyHkiis 3aaHa HESIBHO;
x = g(t), . :
3) - (pyHKIIis 3a1aHa TapaMeTpUYHO. t - mapameTp (3MiHHA
y=yw(t)
BEITMYMHA, sIKA TSI KOJKHOT KOHKPETHO1 (DyHKIII1 3MIHIOETHCS Ha IEIKOMY TTPOMIDKKY ).
[Tpu ipomy, KoM mapameTp t mpobirae Bci CBOi 3HAYEHHSI, BIAMOBIIHI

4



Touku 3 KoopauHaTtamu (X, Y) onmcyroTh fedKy JiHil0 y 1eKapTOBOi IPAMOKYTHOT
CUCTEMI KOOpPJIUHAT.

3. OBJIACTH BUSHAUEHHSA ®YHKIIIT

CyKymHICTh yCiX 3HaUY€Hb apTYMEHTY X, IPH IKUX JaHa (PyHKIIIs Ma€ CEHC
(ToO6TO BU3HAaUYEHA), HA3UBAETHCS 00JIACTIO BU3HAYCHHS (DYHKIIII.

Hanpuknan, gysxiis Y = v X—1 susnauena s seix X—12>0, (abo x=>1),
¢yHKILisA Y =ax+b BusHaueHa ms Beix X € (—o0, + ).

3BEepHEMOCH 10 TPUKIAIIB, MPUCBIUYCHUX 3HAXOKECHHIO 00JIaCTi BUSHAUCHHS
JUTSL ACSIKUX CKIaAHUX (YHKITIH.

X

/X2 —3x+2

OCKUJIbKY TIKOPEHEBUN BUpa3 MOBUHEH OyTH, TO-TIepIIie, HEBI €MHUM, a, IO~
Jpyre, BIAMIHHUM BiJl HyJs, TO OOJacTh BU3HAUEHHS OTPUMAEMO, PO3B'S3YIOUU

Ilpuknao 1. y =

.. 2 . .
HACTYIHY KBajpaTHy HepiBHicTh X~ —3X+2>0.3acTrocyemo MeTox iHTepBais, o €
no0Ope 3HailoMHil 3 MIKUIBHOTO Kypcy MareMatuku. [IpeiactaBuMo JiBy 4YacTUHY

HEPIBHOCTI y BUIMIAAI 100YyTKy HiHiitHuX MHOKHUKIB (X—1)-(X—2) >0, ne uncna 112
— KOpEHI KBaJpaTHOTo PiBHAHHA X’ —3X+2=0.BigoMo, 0 KBaJpaTHUIl TpHYJICH
30epirae 3HaK Ha MPOMDKKaxX MIX CBOIMH CyCiAHIMHU HyIsiMU. Bubepemo mo ojHii
NOBiNBHIH Toumi BixnosigHo Ha mpomikkax (—0,1), [1,2]1 (2,+ o). Hanpuxnazm, x = 0
Ha MeprioMy MpoMikky, x = 1,5 Ha Apyromy 1 x = 3 Ha TpeThoMy. Jlerko 6auntu, 10
IUISL BCIX X €[1,2] BUKOHYETHCSI HEPIBHICTh X* —3x+2<0. Takum YUHOM, ITYKaHOIO
obnacTi0  BM3HAueHHs Oyge oO'egHanHs  iHTepBanmie  (—0,1) i (2,+ ), ne

X% —3x+2>0.

. X
Ipuxnao 2. Y = aCSIN 4

X

. X
Sk Bimomo, arcsin 1 CJIiJT pO3YMITH, SIK JYTY, CHHYC SIKO1 JIOPiBHIOE 4 Ane

OCKIJIbKM MOJYJIb CHHYyCa OyIb-sIKOTO KyTa HE MEpPEBUINYE OAMHUIIO, OTPUMAEMO

HepiBHictp —1< 4 <1. 3pigku maemo IIyKaHy 00JIacTh BUBHAYEHHS: —4 < X < 4.

Mpuxnao 3. Y =1gsinXx.

Ockinbku jorapudmiuyna GyHKINS BU3HAYEHA TUIBKH JJISI CTPOrO JOJATHHUX
3HAueHp aprymenty, orpumyemo ymoBy: SINX>0.To6ro mykama o6nacts
BU3HAYCHHS € PO3B’SI3KOM OCTAaHHBOI TPUTOHOMETPUYHOI HEPIBHOCTI. 3HOBY
KOPUCTYEMOCH BIJOMUMHU 3 MIKIJILHOTO Kypcy pe3ynbTaTaMu. OTKe, 0JepKYEMO:

27K < X< (2k+D7z, k=0,+1+2,....



- y=arccos .
Ilpuxnao 4 2 +sin x

Po3B’s3anHs npukiany 0a3yeThCsl Ha TOMY, 1110 AaHa QYHKIIS ICHYE, SKIIO

Ma€ MicIle HepiBHICTh —1< <1.Ilicnsa eneMeHTapHUX MEPETBOPECHb

2+sinx
OJIEP)KYEMO HEPIBHICTB: sinx > 0.3BIAKH 27K < X< (2k +1))7z, k=0,+1+2,....

4. OCHOBHI EJIEMEHTAPHI ®YHKIIIT

1) Cmenenesa pynkuis Y = X“, ne « —cTane nocriiine 4ucio.

2) IToxasznukoea byHKIs Y = a",ne a>0,a#1 (oCHOBa CTeIeH).

3) Joeapugmiuna dynkuis Y =109, X, xe a>0,a #1(ocHoBa norapudma).

4) Tpuconomempuuni GyHKIII

y =Sin X,y =Cos X, y =tgX, y = Ctgx, Y = SCX, Y = CSC X.

5) Kpyeosi (obepneni mpuconomempuuni ¢ynxyii)

y =arcsin X, y = arccos X, y = arctgx, y = arcctgx, y = ar cscx, y = arccscx.

VYei i QyHKIIIT AeTaqbHO BUBYAIUCH Y HIKUIBHOMY KYypCl MAaTEMaTHKHU.
Bigznauumo npu 11poMy, 110 QPyHKIIIT, SIKI MOYKHA OJIEPKaTH 3 €IIEMEHTapHUX

[UISIXOM 1X CYNEpHO3uIlii, a TAK0X MPYU BUKOHAHHI YOTUPHOX Aii apuMEeTHKN HaJ
HUMH, TAaKOX BBAXKAIOThCS elieMeHTapHUMU. Hanpukinaza, pyHkiis

y =lgsin¥/1-3sinX ¢ enemenrapha.

DyHKLIT, IK¥ HE MOKHA BUPA3UTH BKA3aHUM YHHOM, HE € €IeMEHTAPHUMHU.
Hanpuxnan, Gpynxmis N!=1-2-3-...-N He ¢ enemenTapHOIO, TOMY 11O ii HE MOXKHA
BHUPA3UTH OOMEKEHOIO KIJTbKICTIO €JIEMEHTAPHUX Mii.

5. TPAHUIIS 3SMIHHOI BEJIMUWHW. HECKIHUEHHO BEJIMKA
3SMIHHA BEJIMYNHA

VY nonaneioMy MOHSATTS TPAaHMIN 3MIHHOI Oyze BiJlirpaBaTH (yHIaMEHTaJIbHY
POJIb, OCKIIBKHA 3 HUM O€3MOCepPeHhO TMOB'SA3aHI OCHOBHI MOHSATTS MaTEMaTUYHOTO
aHai3y — MOX1/IHa, IHTerpas Ta 1HIII.

Busnauenna 1. Cmane uucio a Ha3u8acmvcs 2epaHuyero 3MIiHHOL
BeUUUHU X, SAKUO 01 6)Y0b-AK020 Hanepeo 3a0ano20, CKIIbKU 3a6200HO
MaAno2o 000amMHO20 YUCIA & MONCHA BKA3AMU MAKe 3HAYEHHSI 3MIHHOI X
wo 6ci nooanbwi 3HA4eHHs 3MIHHOI 0Y0ymb 3A0080JIbHAMU HEPIBHOCMI
x-a<e.

ko uncno @ € rpaHUIls 3MIHHOI BEIMYUHU X , TO K&XKYTh, IO X MPSMYE 10
rpanuii &, 1 numyte X —> &, a60 limx=a («lim » € abpeBiatypa Bij
JATUHCHKOTO cjioBa limes — rpanwuiis).

VY reoMeTpuyHUX T€pMiHAX BU3HAUEHHS IPAHUILI MOXKe OyTH c(hOpMYTHOBAHO
HacTynmHUM YrHOM. CTajie Yuciao @ € rpaHullsl 3MIHHOI, SIKIIO AJ1s1 OYIb-SIKOTO



Harepe/1 3a1aH0T0 CKUTBKY 3aBTOHO MAJIOTO OKOJTY 3 IIEHTPOM y TOYIll a
1 paJlycOoM & 3HAWAEThCS Take 3HAYEHHS X, II0 BCl TOYKH, IO BIAMOBIAAIOTH
HOJAJIBIINM 3HAYCHHSIM 3MIHHOT, OYIyTh 3HAXOIUTUCH Y IbOMY OKOJIi (puc.5.1).

26
— :K— //V‘v#
0 xr (44 €
jr—a|
Puc. 5.1

Posrnsitnemo npukiiaay.

Ilpuknao 1. 3minHa BeWYMHA MTOCHIIOBHO MPUIIMae 3HAYCHHS
1 1 1

X =1+L X, =1+, X; =1+ —,..., X, =1+—,....

2 3 n

JloBeneMo, 1110 3MIHHA BEJIMYMHA MA€ TPAHMITIO, 110 AOPIBIOE OAUHUIIL. MaeMo

[1+ 1)—1 L
n

. . . 1
Jlist OyAb-SIKOTO ¢ BCl 3HAYEHHS 3MIHHOI, IOYMHAIOUM 3 HOMEpa n, JIe - <&, abdo
n

%1 :

1 . . . .
n>= , OyAyTh 3aJ0BOJIbHATH HEPIBHOCTI \Xn —1\ <&, mo 1 moTpidbHO OyIO JTOBECTH.
&

3ayBa)KUMO, 11O 1151 3MIHHA TPSIMYE J0 TPaHUIIl, YOyBarO4u.
Ilpuxnao 2. 3minHa BeTWYMHA MOCIIOBHO MPUHMaE 3HAYCHHS
1 1 1 1 1
Xl :1_ E, X2 :l+ 27, X3 :1_273, X4 :1+ 27,..., Xn :1+ (_l)n 27n,
['panuns 1i€i 3MIHHOT BEJIMYUHU JAOPIBHIOE oAuHUIII. [ilicHO,
%, —1=[+ (0" /2")-1=1/2"
st Oynb-SKOTO ¢, TIOYMHAIOYM 3 HOMEpA N, IO 3aJ0BOJIBHSE CITIBBITHOIICHHIO

lg(1 . .

21n< g, 3 skoro BumumBae 2">1/g,nlg2>Ig1/¢), abo n> 95/2‘9) BCl HACTYIIHI
g

3Ha4YEHHSI X OYIyTh 3aJI0BOJLHATH CITIBBIIHOIIEHHIO ‘Xn —1‘ < &.3ayBaxxumo, 1O TYT

3HAYEHHS 3MIHHOI BEJINYMHU TO OUIbIIE, TO MEHILE IPAHMII, TOOTO 3MIHHA BEJIMYHUHA
NpsIMY€E 10 TPaHULIl, «KOJIMBAKOYUCHY HABKOJIO ii.

3aysacicenns 1. SIk B1IOMO, CTally BEIMYHMHY YacTO PO3IJISAAIOTH SK 3MIHHY
BEJIMUMHY, BC1 3HAUEHHS SKOI OJTHAKOBI: X =c. OueBHHO, IO TpaHULl CTayoi Oyne
JOPIBHIOBATH CaMOi CTajoi, OCKUIbKU 3aBXAM, MPHU Oylb-IKOMY &, BHUKOHYETHCS

HepiBHiCTh X—C/=[c—¢/=0<s.

3aysaoicennss 2. 3 BU3HAUCHHS TPAHUIll BUILIMBAE, 110 3MIHHA BEJIMYMHA HE
MOXK€ MaTH JIBOX TpaHuib. JlificHO, skmo limx=a i limx=b(a<b), TO x IMOBHHHA
3aI0BOJIBHSITH 0JIpa3y JBOM HEPIiBHOCTAM |X—a <& i X—b <& npu noBinmbHOMY

MaJioMy &, a II¢ HEMOJKIJIMBO, SKIIO ¢ < (b—a)/2 (puc.5.2).



Puc. 5.2
3aysaxcenns 3. He ciin BBaxatu, 110 KOXKHA 3MIHHA BEJIMYMHA Ma€ TPAHULIO.
Hexaif 3MiHHa BeTM4YMHA MpUIIMa€e 3HAYCHHS:

1 1 1 1 1
X=50% :1_1’ s =g X :1_27' o1 = St (pue.5.3).
7
7 z, g B

Puc. 5.3
[Ipu mocTaTHBO BEIUMKHMX K 3HAYEHHS X,, 1 BCl IMOJAJIBIIN 3HAYCHHS 3MIHHOT 3

MapHUMU HOMEpaMH OyAyTh CKUIBKM 3aBrOAHO Maji0 BIAPI3HATUCH BiJ OJAMHMII, a
MOJAJIbIII 3HAYEHHS 3MIHHOI 3 HEMapHUMH HOMEpaMu OyJIyTh CKUIBKH 3aBrOAHO
MaJjio BIAPIZHATHUCH BiJ HyJA. OTxe, 3MIHHA X HE NPSIMY€ 0 TPaHUIIL.

VYV BU3HAYEHHI TPaHUIll BKa3aHO, IO SKIIO 3MIHHA BEJIUYMHA TPSIMYE IO
IpaHUIll a, TO a - CTAJIC YUCIO. AJle MOHATTS «IPAMY€E» BUKOPUCTOBYETHCS TaKOK
JUISL XapaKTePUCTUKU I1HIIOTO CMOCO0y 3MIHM 3MIHHOI BEJIMYMHHU, IO BUAHO 3
HaCTYITHOT'O BU3HAYECHHSI.

Busnauennsa 2. 3minna x npsamye 00 HeCKiHUeHHOCI, AKWO OJis
KOJCHO20 Hanepeo 3a0ano2o 000amuo2o Yucia M ModHcHa eKazamu
make 3HA4eHHs X, NOYUHAIOYU 3 SIKO20 6CI NOOANbULT 3HAYEHHS 3MIHHOL

6yOymo 3a00601bHAMU HepieHocmi X > M.

Ao 3MiHHa X TPSIMYy€ 10 HECKIHYEHHOCTiI, TO 1 HA3UBAIOTh HECKIHYeHHO

8e/IUKOI0 3MIHHOIO BEJTMYMHOIO 1 MUIITYTh X —> oo,

Ilpuknao 3. 3MiHHA BeIMYUHA X TIPUAMAaE 3HAYCHHS

X, ==1 X, =2, X, ==3,..., X, =(-1)"n,...

Ile HeckiHUEHHO BeNMKa 3MiHHA BeTMYMHA, OCKUIBKU TIPH TOBIILHOMY M >0 BCi
3HAQYEHHS 3MIHHOI, MOYMHAIOYM 3 JESKOro, OyayTh 3a aOCOJIFOTHOK BEJIMYUHOIO
Oinbiie M. 3MiHHA BEJIMYMHA X «IIPSIMYE JIO TUIHOC HECKIHYEHHOCTD» X —> o0, SIKIIO
npu JoBiIbHOMY M >0 BCl mojablili 3HaYEHHS 3MIHHOI, MOYMHAIOYU 3 JIESKOTO,
OyIIyTh 3aI0BOJILHATH HEpiBHOCTI M < X. IIpuknagom 3MiHHOT BETUYUHU, IO TPSIMYE
710 TJTI0C HECKIHYEHHOCT1, MOKe OyTH 3MIHHA BEJIMYMHA X , [0 MpUKAMae
3HaYeHHA X; =1 X, =2, X; =3,..., X, =N,...

3MiHHa BEJIMYMHA MPSAMYE «I0 MIHYC HECKIHYEHHOCTI» X —>—oo, AKIIO HpHU
noBUTbHOMY M >0 BCi MOAAbII 3HAYEHHS 3MIHHOI, MOYMHAIOYH 3 JESIKOTO, OYIyTh



3aJI0BOJIBHATH HEPIBHOCTI X <—M . Hampukian, 3MiHHa X, 10 NpUMaEe 3HAYCHHS
X, ==L X, ==2,..., X, =-N,..., IpAMY€ 10 MIHYC HECKIHUEHHOCTI.

6. TPAHULS ®YHKIIIT

Po3risiHeMo nesiki BUMaAKK 3MIHH QYHKIIIT IPU IPSMYBaHHI QpTYMEHTY X
710 JIeSIKOT TpaHuIll a 00 J10 HeCKIHYEHHOCTI.

Busnauennsa 1. Hexaii pynkyia y = f(x) eusHauena y 0esaKomy oKoJi
MouKu a abo y 0esaKux moukax ybo2o okoay. Dyuxyis y= f(x)
npamMye 00 eparuyi b (y —b) npu X, wo npamye 0o a(x — a) ,
AKWO OJIS1 KONHCHO20 000AMHO20 YUCAA & AKUM OU MATUM BOHO He
Oy10, MOXMCHA 6Kazamu maxe 000amHe Hucio o , fAKe, 63azaii

Kax)cydu, 3anexdcums 6i0 & , wjo 011 6cix X , GIOMIHHUX 6i0 A I
3A0080NbHAIOUUX HEPIBHOCMI \x—a\ <O, Mae micye HepieHiCMb

‘ f(x)— b‘ <é&.
TpanuiiitHi mo3HaA4YEeHHS 1J1s1 TPaHUIll (PYHKIIT BUTIISIIAI0Th TaK:
lim f(x)=b, abo f(x) >b gpuy x—a
X—a

Axmo f(x) —»b MpH X —>a 1o Ha rpadiky bynkuii Y= f(X) ne imoctpyeTbes
HAaCTyIMHUM YHMHOM (pHcC. 6.1): OCKIIbKY 13 HEPIBHOCTI X-a/<J pummBae HEPIBHICTh
|f(x)—b| <&, 10 1€ 0 03Hayac , 0 I BCIX TOYOK X, BIIJAJEHUX BiJ TOYKH a He
nani Hik Ha € , Touku M rpadika dpymkuii Y = F(X) nexars y cepeauHl CMyru
IUPUHOIO 2€ , 0OMexeHOl npsiMumu Y = b-sjy=b+e

Sxmo f(X) npamye no rpanumi Bi npu npamysanmi X mo gesxkoro 2 Tak,

lim (x)=b,

i b
>80 1 Ha3UBaKOTh O

o X npuiiMae 3HAYEHHS, MEHII a, TO MUINYThH
epanuyero gyuxyii TX) ¢ moyyi a znisa.
Sxmo f(X) npamye no rparumi 2. npu
‘L y=re NpsSIMyBaHH1 X JI0 IESIKOTO & Tak, 110 X mpuitMae

[ S S — -/-—-
77277 syauenns, Gitemi a, o mumyrs M f0=b,
1 i 1/ ! 2 ’ ’ y x—a+0

Ha3MBAIOTE D2 epanuyero gynxyii f(X) ¢ mouyi a

X—>0+0 § x>0-0 3a3pyuaif mumyts

N
’ n cnpasa. 3aMmicTh
' X—>+0 i x — 0.
MoskHa ToBeCTH, 110 SKIIO TPAHUIll CIIpaBa 1 3J1iBa ICHYIOTh Ta PiBHI, TOOTO
b,=b, =b,T0 b 1 0Oyne

Puc. 6.1 IPaHUIICIO Y CEHC1 JaHOTO BUILE BUZHAUYCHHS TPAHMIT



y Touti a. | HaBmaku, KO iICHY€E rpaHuls QyHKIIT b y Todll a, TO ICHYIOTb 11
TpaHMUIIl y TOYIll a 3J1iBa Ta CrpaBa 1 1l TPaHMIIl PiBHI.
Ilpuknao 1. JloBenemo, 1o lim(3x+1) = 7. JlificHo, Hexai 3aJaHO JOBLILHE
X—>

&>0. Jlms Toro, mo0 BUKOHYBaJIach HEPIBHICTh \(BX +1) —7\ < &, HEO00X1JHO BUKOHAHHS

. o & &
HACTYIIHMX HEpIBHOCTEH [3x—-6/<s, x-2/<e/3, - 3<% 2< 3 Takum ynHOM, MpH

. . . &
OyIIb-SIKOMY & JUIS BCiX 3Ha4€Hb X, IO 3aJI0BOJILHSIIOTH HEPIBHOCTI \X—Z\ < §=5,

3Ha4YeHHSA (QYHKINI 3x+1 Oyjae BiIPi3HIATHCS Bia 7 MEHIN, HIX Ha ¢. A 1Ie 1 O3HaJaE,
1m0 7 € rpaHuIlsd QyHKIT mpu x — 2.

3ayeaxncenns 3. JIng icHyBaHHS TpaHuil GyHKINT IpU X — a HE MOTPiOHO, 100
¢ynkuis Oyna BU3HaYeHa y Toulll x=a. [Ipy 3HaXOMKEeHHI TpaHMIll pO3TISAAI0THCA
3Ha4YeHHs (PYHKIIIT y TOUKaX, 110 HaJexaTh OKOJIY TOYKHU a, aje BIAMIHHUX BiJ a, 1
1€ TTOJIOKEHHS! HAOYHO UIIOCTPYE HACTYIHHM MPUKIIAI.

Ilpuxnao 2. [Josenemo, mo Iing(x2 ~4)/(x-2) =4. Tyt Qynkuis (x> —4)/(x—2) nHe
BHU3HAYeHa Mpu x = 2. Tpeda 10BecTH, IO MPH TOBUTLHOMY & 3HAWJIETHCS TaKe &, 110
OyJle BUKOHYBAaTHUCh HEPIBHICTh
x> —4
X—2

-4 <e, (6.1)

SIKIIO [X—2/<J. Ane nipu x = 2 HepiBHicTs (6. 1) ekBiBaseHTHA HEpiBHOCTI

(X=2C+2) 4 _jx12)-4l<e,
X—2

abo x-2<e. (6.2)
Takum 4uHOM, TIpHU TOBUTLHOMY ¢ HepiBHICTH (6. 1) Oyne BUKOHYBaTHUCh, SIKIIIO
Oy/ie BUKOHYBAaTUCh HEpiBHICTH (6. 2) (TYyT & =¢). A 1Iec 03Ha4ae, MO AaHa QYHKIiS
MPU X — 2 MA€ TPAHULICIO YUCIIO 4.
Po3zrisitHeMo ekl BUMagKu 3MIHEHHS (DYHKIIIT IPH X —> 0.
Buznauenna 2. ®Qyukyia f(x) npamye 00 epanuyi b npu X — oo, AKUO
Ol KOJMCHO20 5K 3A8200HO MAJN020 O000AMHO20 HYUCIA & MONCHA
eékazamu make oodamue uyucio M, wo 01 6cCix 3HAYeHb X, WO
3A0080JIbHAIOMb  HEPIBHOCMI |X|> M,6y0e e6uxonysamucey HepigHicmb

f(x)-b|<e.

X X—>00 X
Tpeba noBecTH, 10 MpU JOBUIBHOMY & Oy/€ BUKOHYBAaTHUCh HEPIBHICTD

(1+)1J—1<g, (6.3)

Ilpuknao 3. JloBenemo, 110 Iim(XH] =1, abo Iim(1+ 1) =1.
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SKIIO Timbku |X > N,mpudoMy N BH3HauaeThcst BHOOpoM &. Hepisuicts (6.3)

eKBiBaJCHTHA HACTYNHiM HepiBHOCTI: [/X <&, sKka Oyae BHKOHYBATHCh, SKIIO

14 1) 2 fim[ X2 =1 (puc.6.2).
(o)l

1 .
X > = =N. Lle o3nauae, mo lim

F X—>00 X—>0

X

Puc. 6.2
BBaxaeTncs, mo Bupas lim f(x) =b o3Havae, 10 f (x) IpAMYy€e 10 b IPA X —> o0, a

Bupas lim f(x)=b o3Hayae, MO f(x) IPAMYE 10 b IPH X —> —oo.

7. ®YHKIIS, 1O IPSIMY€E 1O HECKIHUEHHOCTI.
OBMEXKEHI ®YHKIIII

Buiiie po3riasiHyTo BUNAAKH, KOAU QYHKIISA f(x) OpAMY€ 10 AESIKOI rpaHuLll b
mpu x —a abo x —oo. Po3rinsiHeMo Tenep BUNAAOK, KOJIU QYHKINSA y = f(x) IpsAMye

710 HECKIHYEHHOCTI MPU ACSIKOMY CIIOC001 3MIHU apTyMEHTY.
Busznauenna 1. @yuxyia f(x) npsamye 00 HECKIHUEHHOCMI NpU X — a,

Mmoomo € HEeCKIHYEHHO BelUKOI0 BeNUYUHOIO npu X — a,AKuWo ol

KOJICHO20 000AMHO20 Yucia M, aKum Ou 8euKuUM 80HO He OY10, MONCHA
3Haumu maxke S§>0, WO 011 6CIX 3HAYEHb X, GIOMIHHUX 8Ii0 a,

3a00807IbHAIOYUX YMOGI X —8| < &, mae micye Hepisnicmb |f(X) > M.
ko f(x) IpsIMy€ 10 HECKIHYEHHOCTI IPU X — &, TO NHUIIYTh lim f (X) = oo,
X—a

abo0 f(x) — oo TIPU X — a.
Sxmo f(x) OpsIMy€e 10 HECKIHYEHHOCTI IPU X — a Ta MpHU LbOMY IpUiiMae
JuIIe Jo/1atHi abo BIA €MHI 3HAYEHHS, TO BIAMOBIIHO MUIIYTH lim f(X) =+, abo
X—a

lim f () = —co.

Ilpuknao 1. JloBenemo, 110 Iirr(l)(— 1) = oo, JlificHO, pu Oyab-IKOMYy M >0
X—> X
OyaeMo Matu (— lj > M, siKmo Tinmekn X = X0 <1/M =6. Tyr (— 1) >0 mpu x<0
X X

Ta (— )1()<0 npu x>0 (puc. 7.1).
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E. .,".:fj -
0|; :’ s
|
Ml
!
Puc. 7.1

Axio GyHKIIS TIpSIMY€E 10 HECKIHUEHHOCTI TIPH X — 0o, TO MHUIIYTH lim f (X) =0,
X—0
30KpemMa, Moke Oyt lim f(x) =+, lim f(X) =+, lim f(x)=—oo.
X—>+00 X—>—0o0 X—>+0

3ayeancennss 1. OyHkiis y=f(x) Ipu x—>a abo MPU X -—>oo MOXKE HE
MpsAMYBaTH A0 KIHIEBOI I'paHULl 200 HECKIHYEHHOCTI.

Ilpuknao 2. ®yHKuis y=sinx, BU3HAUYEHA HA HECKIHYEHHOMY IHTEpBajl
— < X<oo TIPH X—>c, HE TpsIMyE a HI J0 KIHIEBOI TpaHMI, a Hi J0
HECKIHYEHHOCTI.

Busnauenna 2. @ynxyin y=f(x) HA3UBAEMbC 0OMENCEHOIO V OQHIl
obnacmi sMIHU apeyMeHmy X, AKWO ICHye 0o0ammue Yucio M, make, wo
0J151 8CIX 3HAYEHb X, WO Hanexcams yici ooracmi, 6yoe UKOHYBAMUCH
nepisnicmo |1 (X) <M. Hxwo maxozo uucna ne icnye, mo @yuxyis f(x)
HA3UBAEMbCSL HEOOMENCEHOI0 Y OaHill 00.1acmi.

Ilpuknao 3. OyHKLIA y=sinx, 0 BU3HAYEHA y IHTEPBAIl —o0< X<, €
0OMEKECHOI0, OCKLIBKU SN X/ <1=M mpu BCiX 3HAYCHHSX X

Busnauenna 3. Qyuxyis y = f(x) HA3UBAEMbCSL 0OMENCEHOI NPU X —> A,
AKWO ICHYE OKIl 3 YeHmpom )y mouyi a, )y sAKoMy OaHa @QYHKYisL
obMmedcena.

Busnauennsa 4. Qyuxyis HA3U8AEMbCSI 0OMENHCEHOIO NPU X —> o0, AKUJO
icnye make uyucio N >0, Wo NpuU 6CIX 3HAYEHHAX X, U0 3A0080NbHAIOMDb

HepieHOCMI \X\ <N, @yukyia t(x) obmedxncena.
[TutanHas mpo oOMexeHICTh (DYHKIIIT, 10 TPSIMY€E IO TPaHUIl, PO3B’SI3YETHCS
HACTYITHOIO TEOPEMOIO.
TEOPEMA 1. Axwo leiq f(x) =b, npu ypomy b € Kinyese uucno, mo yukyis
f(X) € obmedicena npu x —a.
JloBeneHnsi. 3 piBHOCTI lim f(x)=b BummBaE, o JUIA OyIb-KOTO £ >0

3HaWJEThCS Take &, LU0 B OKOMl a-d<x<a+d OyAe BUKOHYBaTHCh HEPIBHICTb
f(x)—b/<e,a60 |f(X) <b+e A me it o3nauae, mo GpyHKIis f(x) OOMEKEHa IPH X —>a.
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3ayeancenns 2. 13 BU3HAYCHHsS OOMEKEHOCTI (yHKIII f(x) BUIUIMBAE, IO
akiio lim f(x) =0 abo lim f(x) =0, TOOTO f(x) € HECKIHUYCHHO BEJIMKA, TO BOHA €
X—a X—>00

HEOOMEKEHOI0. 3BOPOTHE TBEP/KEHHS, B3arajl KaKydd, HE BIpHO: HeoOMEKeHa
(GyHKITIA MOXKe He OyTH HECKIHYEHHO BEJIUKOIO.

8. HECKIHUEHHO MAJII TA IX OCHOBHI BJIACTUBOCTI

VY nmanomy po3aiai OynemMo posrisgaTd (PyHKINT, M0 TPsSAMYIOTh A0 HYJS MPH
JESIKOMY XapakTepi 3MiHU apTyMEHTY.
Bu3znauenna . OyHKISA o = a(x) HA3UBAETHCS HECKIHYCHHO MAJIOK0 TMPH
x —>a abo x — oo, SAKIIO lim (x) =0 abo !iﬂla(x) =0.

Hpuxnao 1. ®Oynxuis o =(x-1)*€ HecKiHYEHHO Mala IIPU X —1, OCKLIBKH
lime = Iirrl(x—l)2 =0 (puc. 8.1).

N A€

| 077
Puc. 8.1

Ilpuknaod 2. OyHKIIST o =1/x € HECKIHYEHHO MAJIOK0 MPU X — oo (pHC. 8.2).

-7

Puc. 8.2

TEOPEMA 1. Axwo @pyuxyis y = f(x) npedcmasiiemscs y uensioi cymu

cmanozo uucia b ma Heckinyenno manoi o: Y =b+a, (8.1)
mo limy=b npu x—>a abo x-—. Hasnaxu, skuwo limy=b, mo mModxcHa

3anucamu, wWo y=b+a, 0¢ a- HECKIHYCHHO MAld.
JoBenennst. 3 pisrocti (8.1) BuruuBae |y—b = o Ane npu noBinbHOMY & Bei

3HAYEHHS ¢ , HOYNHAIOYH 3 AEIKOT0, 3aJ0BOJILHIIOTH CIIBB1AHOIIEHHIO \a\ <E&,
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a TOMy JJI BCIX 3HaY€Hb Yy, MOYMHAIOYU 3 JESIKOr0, OyJie BUKOHYBAaTUCh HEPIBHICTh

\y—b\ <&, a1e 1 o3Havae, mo limy=>b. Hapnaku: skmio limy=>b, To npu noiisHOMY

£ Ta BCIX 3HAYCHb y, MOYMHAIOUN 3 ACSKOro, Oyme |y—b/<e. Ane skmo mosHaunmo
y—b=a, TO AN BCIX 3HaUY€Hb «, MOYMHAIOUM 3 JEAKOro, Oyne MaTu Micle
HepiBHICTB (@] < &. TOOTO & - HECKIHUCHHO Maia, 1o if Tpeba OyI0 JOBECTH.

TEOPEMA 2. Axwo o= a(x) npamye 00 Hyaa npu X —>a (abo x —>x) ma e

nepemeoprOEmMvbCsl HA HYb, MO Y =1/ a NPAMYE 00 HECKIHYEHHOCMI.

JNoBenennsi. Ilpu Oyab-sikoMy BeIMKOMY M >0 Oylle BHUKOHYBaTHUCh
HepiBHicT 1/ >M, SIKIIO TIIBKM BHKOHYEThCSL HepiBHICTH | <1/M.OcraHHs
HEPIBHICTh Oy/Jle¢ BUKOHYBAaTUCh JII BCIX 3HAY€Hb «, MOYMHAIOYU 3 JIEAKOTO,
OCKUJIBKH ¢(X) — 0.

TEOPEMA 3. Anecebpaiuna cyma 080X, mpbox ma 83a2aji KiHYe8020 uYucid

HEeCKIHYEHHO MAIUX € HeCKIHUEHHO Mana QyHKYIs.

JloBenenHsi. Bukonaemo noBeleHHS JUIsl ABOX HECKIHYEHHO MaUX, OCKIJIbKHU
JUIsl X OyJb-AKO1 KIHIIEBOI KUIBKOCTI BOHO aHasoriyHe. Hexail u(x) = a(x)+ B(x), ne
Ixig;a(x) =0, lem B(x)=0. JoBememo, mo Iy AOBUIBHOTO SK 3aBrOJHO Majoro & >0

3HAlIeTbCsl Take &>0, WO Impu X—a<J Oyae BHUKOHYBATHCh HEPIBHICTB |U|<é.
OCKUIBKU «(X) € HECKIHUEHHO Maja, TO 3HalAEThCs Take dJ,, 110 Y OKOJII 13 HEHTPOM
y Touwi a i pagiycom &, 6yme |a(X) <e&/2. OCKinbKH S(x) € HECKIHYCHHO Maja, TO
3HAWJIEThCA TaKE J,, IO Y
OKOII 3 IEHTpoM y Touui a i pagiycom 6, 6yme |B(X)<e/2. Obepemo &, o
JIOPIBHIOE MEHIIOT 3 BEJIMYMH &, Ta J,, TOJ1 Y OKOJI TOYKU a 13 pajilycoM & Oyne
ul<la(X)+B(X) <|a(x) +|B(x) <e/2+&l2=¢£.TobTo U <&, mo it Tpeba 6yI0 TOBECTH.
JloBeIeHHA Yy BUMTAJKY, KOJIHA 1@0 a(x) =0, 1@; S(X) =0 BUKOHYETBHCS aHAJIOT1YHO.
3aysaoicenns. THKOMM PO3MIISIAAIOTHCS TakKi CyMH HECKIHUYEHHO MaJldX, IO 13

3MEHIIEHHSM KOXHOTO J0JaHKa KIJIBKICTh JOJAaHKIB 30UIbIIyeThes. Hanmpukiasn,

. 1 1 1 . . . . .
HEXan U=—+—+..+—, AC KUIbKICTb AOAAHKIB IOPIBHIOE€ X, a CaMC X IIPpHUHUMAE
X X X

TUIBKK IUJTI IOJATHI 3HA4YEeHHS (x=1,2,3,...,n,..).O4eBUAHO, IO MPU X —>o0 MAEMO
CYMYy HECKIHYEHHO MaJluX, ajie iX CyMa u=1 He € HECKIHUEHHO MaJIo0.
TEOPEMA 4. Jlobymok HecKinyeHHO Manoi OyHKyii o =a(x) Ha obmediceHy

z=2(x) npu x—>a (abo npu X —> o) € HeCKIHUEHHO MANAd BETUYUHA.
Josenennsi. [IpoBenemMo nOBEICHHS I BUMIAAKY X —> a. s geskoro M >0
3HA/IeThCs TAKNUH OKLJI TOYKU X =a, y KoMy Oy/ie BUKOHYBATHCh HEpiBHICTh (2| <M.
JI71st OyIb-SIKOTO & >0 3HAWUJIETHCS OKLI, Y SIKOMY Oy/ie
BUKOHYBATHCh HEPIBHICTh | <&/M. V MeHImIOMY 3 LUX OKOIIB Oyne BHKOHYBATHC

HEPIBHICTb |@rZ| < £ M=e
M

14



A 1€ 0o3HAYae, MO0 «Zz- HECKIHUEHHO Majia. Y BHUIAJKY, KOIH X —>oo JIOBEIACHHS
BUKOHYETHCSI aHAJIOT1YHO.
Hacninok 1.
Ao limae=0,limg=u,T0 limaf =0, OCKUIBKH A(x) € BelHu4YrHa oOMexeHa. Lle
Mae Micie Juisi Oyab-sIKOTO KIHIIEBOTO YHCIIa MHOKHHKIB.
Hacainok 2.
Axmwo lima=0, C=const, TO limCea = 0.
TEOPEMA 5. Yacmka 6i0 OileHHs HeCKIHYeHHO Maloi BeluduHu Ha
obMedceny, epanuys AKoi 8IOMIHHA B8I0 HYIA, € GelUYUHA HECKIHYEHHO Mald

lima =0, lim 8 =u ¢0,Iim%:0.
9. OCHOBHI TEOPEMH ITPO I'PAHUIII

1) I'panuys cmanoi dopisnioc it camiil.

2) I'panuys cymu 060x, mpvox i 63azani 0yO0b-K020 HE3MIHHO2O HUCILA
@ yuKyiti oopisHIoe cymi 2panuyb yux @DYHKYIL.
lim(u, +u, +...+u,)=limu, +limu, +...limu,.

Tym i 0ani 01 CKOPOUeHHs He NuueMO apeyMenm (YHKYItl X, a makolc
8BANCAEMO, WO X —> A, A0 X —> .,

3) ['panuys piznuyi pyukyii 0opisHioe pizHuyi ix epanuyb:

lim(u, —u,) =limu, —limu,.

4) I'panuyss 006ymky 060x, mpvox i 63a2ani OY0b-AKO20 HE3MIHHO20 YUCILA
@YHKYIll 0opieHIOE 00OYMKOGI epanuyb Yux QyHKYil (3a yMoe0w, wo Yyi
2panuyi icHy1oms):

lim(u, -u, -...-u,) =limu, -limu, -...-limu,,.
5) Cmanuti MHOJNCHUK MOJICHA BUHOCUMU 34 3HAK epanuyi: limc-u =c-limu.

6) Ipanuys Opoby 0opieHIOE GIOHOUIEHHIO 2PAHUYL YUCENbHUKA 00 2PAHUYL

. . u limu .
3HAMEHHUKA, AKWO OCMAHHA He 00pIGHIOE HYmo. lim— = Tmv (limv = 0).
imv

10. HOPIBHAAHHA HECKIHYEHHO MAJIUX BEJIMYUH
f(x)

[Tpunyctumo, mo Tpeba 3HAWTH TpaHUIo lim 90 Hexait Bimomo, 110
x-a g(X

lim f (x) =limg(x) =0. Taky cuTyaiito y Teopii I'paHHIlb HA3WBAIOTh HEBU3HAYCHICTH
X—a X—a

THITY (g} Bunukae BoHa, sk Oaunmmo, Koinu (yHKLIsS sBIsSE co000 npid, y

YHCENbHUKY 1 3HAMEHHHKY SIKOTO Ma€MO HECKIHUEHHO MaJli MPU X —> & BEJIMYMHH.

PesynbTaT 3an€XuTh Bij TOTO, IK came PyHKINT f(x), g(x) HAOIMKAIOTHCS 10
Hyns. To6To Tpeba MOPIBHATH TMOBEAIHKY JBOX HECKIHUEHHO Manux. KoHKpeTH1
MPUKIIAAN PO3TIISTHEMO MI3HIIIE, a 3apa3 BKAKEMO BC1 MOXKIIMBI BUTIAIKU:
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_f(x) . . .
1) |ImT:1. Sxmo Taka rpaHuUs JOPIBHIOE 1, TO HECKIHYEHHO Majl
x-a g (X
f (x), g(x) HA3UBAIOTHCSI  €KBIBAJICHTHUMHU (TOOTO QyHKIIT f(x) 1 g(x) OpH X —>a
OJTHAKOBO TIPSIMYIOTh JIO HYJIS).

. f(x . .
2) lim % = A A=1, ToOTO MpsIMyBaHHS A0 HYJs y 000X GYHKIN f(x) 1 g(X)
x-a g (X
OpU X —a MPOXOJUTH AHAJIOTIYHO, aje iX FPaHMIll BIAPIZHSIIOTHCS MHOXXHUKOM A .
(BBaxkaeThes, M0 A - KiHIEBE 9nciI0). [Ipo Taki HECKIHYEHHO Malli KaKyTh, III0 BOHU
OJTHOTO TIOPSIJIKY MaJIOCTi.
. f(x .
3) lim % =0. Y naHoMy BUNAJKy KaXyTh, IO f(X) € HECKIHUEHHO Maja Ipu
x=a g(X

X —a BHUIIOTO MOPSAKY ManocTi, HBK g(x). (Lle o3Hauae, 1110 BoHA cKopilie mpsMye
710 HYJIS, HIK g(X) ).

4) Ixm% =o0, Y JaHOMY BHIIQJIKy, HABIAKH, g(x) € HECKIHUEHHO Mala Mpu
X —a BHUIIOr0 NOpsAJKY MasiocTi, Hix f(x). (Lle o3Hauae, o BoHA cKopile IpsMye
70 HYJIS, HIK f(X)).

AHANOTIYHO MOKHA PO3TISIHYTH TOPIBHSHHSA JBOX HECKIHYEHHO BEJIMKUX
Benu4uH. [0 peun, 11e KOpUCHA BIpaBa JIJIsl CaMOCTIiHOI poOOTH.

11. HEHEPEPBHA ®YHKIIA

Busnauenna 1. @yukyis y = f(x) HA3UBAEMbCSL HENEPEPBHOIO, AKUYO il
npupicm Ay = f (x+Ax)— f(x) -0 Ipu Ax — 0.

ToOTo, SKIIO MPUPICT APTYMEHTY CKITBKH 3aBFOJIHO MaJIMi, TO 1 MPUPICT camoi
(GyHKIIIT CKUTBKY 3aBroJHO Majiuil. [HakIe: MamuM 3MiHaM apryMeHTY BiJOBIAAIOThH
MaJii 3MiHM caMoi (PyHKIII.

PosrnsimeMo mpoctuii npukian. Hexait 3amano ¢ymkuio Yy(X)=x°. Jlerko
6aunTH, 10 ii mpupicT Ay = (X+AX)* —x* = 2X- AX+(AX)* =0 npu Ax — 0.

Tomy gaHa ¢pyHKIIA J1HCHO € HETIEpEPBHA.

IIpy BUBYEHHI Teopili IpaHULb CYTTEBO OyAEeMO 3aCTOCOBYBATH HACTYITHE
BU3HAUCHHS.

Busnauennsa 2. J/{na nenepepenoi ¢pynxyii f(x) mae micye
CNiBBIOHOULCHHSL: Ixm f(x) = f(a).

To6To, AKIIO0 MaemMo HemepepBHY (PyHKIIIO, TO i TpaHUII0 MOXXHA 3HANTH,
MPOCTO MiJCTAaBUBLIN 3aMICTh X Y AaHy (YHKIIIO TPAaHUYHE 3HAUEHHS apryMEHTY 1
BUKOHABIIH TiIPaXyHKH.

[TpuitnsaTo no3Hauatu HenepepBHy PyHKIIO Tak: f(x) e C. (IToxomkeHHs
[IHOTO TIO3HAYEHHS MOXKHA 3pO3YMITH, 3allMCaBIIU CIIOBO «HEMEPEPBHUI
anrmiiicekoro:  «Continuousy. OTxe, y TO3HA4YeHHI HEMEpepBHOI (PYHKITIT
BUKOPHCTaHAa Tepira 0yKBa OCTAHHBOTO CJIOBA.).
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ANBTEpHATHUBOIO HEMEPEPBHUX € PO3PUBHI PYHKIIII. [CHYIOTh pO3pUBH MEPIIOTO 1

0, x<0;
npyroro poay. Hanpukman, dyuxuis Xesucaiina H (X) = 1 x>0 Mae KIHIICBUHT
po3puB (a00 PO3PHB MEPILIOTO PoIy) MPH x =0 (puc.11.1):
¥ &
1 y=H(x)
» -
0 X
Puc. 11.1

. o . 1
Po3puB npyroro poay, a0 HECKIHUEHHUI pO3PUB, Ma€ IPU x = 0 QPYHKINIA Yy = .
X

JlificHO, SIKII0 HAOJMKATUCS 10 HYJIS TI0 B1JI'€MHUM 3HAYEHHSIM X, TO Y — —oo, @
SIKIIO TIO JIONATHUM 3HAYEHHSM, TO y — -+ (nyc 11 2)

Puc. 11.2

Mu OynemMo BUKOPHCTOBYBATH HaBEACHY Buille iHMOpMaIlliio, A0 pedi, Mpu
JOCTIKEHH] (DYHKINN 3a JOMOMOToI0 IU(epeHIialbHOTO YUCICHHS. A came, mpu
3HAXOKEeHH1 oOJyacTi Bu3HaudeHHs (yHkii. [To6aunmo, 110, HaAMpUKIaA, pPO3PUBU
JPYTOTO POAY «PO3piKYyTh» Tpadik PyHKIT HA TEKITbKA T1JIOK.

PosrnsHemo npukiiaau.

Ilpuxnao 1. ®yuxuis Y BU3HAYEHA HACTYITHUM YHHOM:
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=0 npu x<0;
X npu 0<x<1;
=—Xx’+4x-2  mpu1<x<3,
y=4-X npu x > 3.
Yu Oynae us GpyHKIisS HeepepBHOIO?
Sk 6aunMo, 119 PyHKIIISA MpeCTaBIeHa YOTHPMA CITIBBITHOIIICHHSAMH, KOKHE 3
AKX BU3HAYAETHCA HemepepBHOIO QyHKIi€0. [IpobieMHUMH MOXKYTh CTaTH TIIBKH
TOYKH, JI€ 3aKIHUYEThCA 00J1aCTh BU3HAUEHHS OJHIET (PYHKIIIT 1 MOYMHAETHCS 001aCTh
BU3HAYEHHS HACTYITHOI 3 HUX. SIKI0 3HaYeHHs (YHKINT 3711Ba 1 clipaBa BiJl TOYOK x =
0, x=11x =3 ogHaKoB1, TO (QYHKIIIA HENEepepBHA. B 1HIIIOMY BUMaJKy BOHA pO3pUBHA.
BukoHaeMo po3paxyHKH. Ilpn x=0.y=x=0.Ilpux=1 y=-X*+4x-2=1a Y =X
JOBHU3HAYMMO TpPAaHUYHUM 3HA4YeHHSIM limx=1. AmHamoriuno mnpu x = 3

x—=1
IXirT;(—X2 +4x-2)=1 i y=4—X= 1. TakuM YMHOM, yMOBAa HENEPEPBHOCTI JAHOI
—!

GyHKIII1 BUKOHAHA.

Ilpuknao 2.

X+1, axwo X <1,

Hexait f(x)= )
3—ax’, axuwo X >1.
[Ipu sikomy BuGopit a ¢ynkuis f(x) Oyzae HenepepBHa?

@OyHKIiS 3—ax’ HEe BH3HAUYCHA NpH X =1. 3HAWJAEMO TI'paHHMIO ITi€l QYHKIIIT
IpU MpSIMYyBaHHI X J0 1 1 TMPHUPIBHAEMO ii 10 3HAYEHHs, SIKE NpHUiiMae mpu X =1
nepiia 3 PyHKIIIH, 1110 BU3HAYAE AaHy, TOOTO f(X)=x+1=1+1=2.

Maemo: Ixi_ng(?;—axz)z 2. 3pigen @ =1.

2

X° -1
3 HE BHU3HAYeHa Impu x=1. kUM mae 6yTH
x° -1

3HayeHHs1 f (1), 100 AOBU3HAUYEHA LIMM 3HAYEHHSM (YHKIlIS CTajga HEMEePEePBHOIO
npu x=1.

Ilpuknao 3. ®ynkuia f(x)=

JIOWIbHO JOBU3HAYUTU 3a HEMEPEPBHICTIO MaHy QYHKIIIO mpu x=1  ii

oxf-1 . x+1 2 : :

IrpaHMYHUM 3Ha4YCHHAM f (1) =lim ——=Ilim — = . Ilpu 3HaXOIKEHHI I'paHUL1
oLl xT =1 =X +x+1

Oynu BHUKOpUCTaHI (OPMYJIH CKOPOUEHOTO MHOXeHHs. [lepmn HIDK mepedTu 1o

TPaHMUIIl, YUCETHHUK 1 3HAMEHHHK OJIHOYACHO OyJIH TOJIIJICH] Ha 3arajJbHUNA MHOXHUK

(x—1), AKu¥ HE TOPIBHIOBAB HYIIIO MOKU HE OyB 3MIMCHEHHUIN TPaHUYHHM MTepexis.

Ilpuknao 4. CKUTbKM TOYOK PO3PHUBY 1 IKOTO POy Ma€ PYHKINISA Yy = Iglx?
Haranaemo, 1o sorapudmiuda QyHKIisl BU3HaAYEHA TUIBKU JJIsI CTPOTO JOJaTHUX
3HaUYE€Hb CBOrO0 AapryMeHTy. Y JIaHOMYy BHUIAJKy HAasBHICTb 3HaKa aOCOJIIOTHOI
BEJIMYMHU TapaHTye, 10 I[edl apryMeHT TIIbKM HEBIJ'€MHUN, TOOTO HE MOXKe
MpUiMaTH 3HaYEHHs, 110 JOPIBHIOE HYJI0. Pelta Horo 3HayeHHs - BEJIMYUHA
nomatui. [lpu \x\zl MU OJIEp’)KUMO y 3HaAaMEHHUKY naHoi (yHKIi Hymb. Takum

YUHOM, TIpU X=+1 naHa (QyHKIIS Ma€ HEeCKIHYeHHHW po3puB. OTKe, MaeMo nBa
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pPO3pUBU JAPYroro poJy. 3BEPHEMOCH 10 apryMeHTy x=0. Sk Bxe Oyno Bka3zaHe
BHUIIIE, cama JiorapudMiuHa (yHKIIIS HE BU3HAUCHA Yy I TOYIll 1 TIPSMYE JI0 MIHYC
HECKIHYEHHOCTI MpU MPSAMYBaHHI X JIO0 HYJIs. AJie OCKUIBKH Y JOCHIIKYBaHOT
¢byHK1T JorapudM 3HAXOJUTHCS Y 3HAMEHHUKY, TO TpaHUII i€l QyHKIII mpu x — 0
JOPIBHIOE HYJTIO, TaK 110 MAEMO, TaK 3BaHUH, YCYHYTHH PO3PUB.

Ilpumep 5. Sxe 3HaueHHs moBUHHO MaTH f (0), 00 QyHKIIA f(X) = X -sin% Oyna

BCIO/IM HETIEPEPBHOIO?
ApryMeHT GyHKIH sin” Mae pO3pHUB APYroro poay mpu x = 0. 3HAUCHHS, SKe
X

CHUHYC MpUME MPHU HECKIHYCHHOMY 3HAa4€HHI HOTo apryMeHTy, € HeBU3HaueHuM. Lle
MOke OyTu Oynb-sfiKe YHCIO 3 MPOMIKKY [- 1,+1]. AJie OCKUIbKH CHUHYC € (DYHKIII€IO
00MexeHOI0 ([sing| <1 BCiX « € (—90,+0)), TO HOOYTOK HECKIHYEHHO MAJloi IpH

X — 0 BenmuuuHM x Ha 0OMeXeHy Oyle HECKIHUEHHO MAJOK BeauuuHOK. OTKe y
AKOCT1 IIyKaHOTO 3HayeHHs  f(0) IOIIIbHO 00paTh HACTYNHY TPaHUIIIO:

£(0) = limx-sin = = 0.
x—0 X

12. HEBU3HAUEHOCTI BUTJISITY (‘”j (8) (0-00), (00— c0)

o0

PosrisitHemMo ek mpukiaau, ae OyJaeMo IIyKaTy TpaHuill PyHKITIH.
2
Ilpuknao 1. lim w
x=o 3X° —X+1
Po3B’si3aHHS TOYHEMO 3 TECTYBaHHS: IMIJACTABISEMO TpPaHUYHE 3HAYCHHS
aprymeHty y gaHy ¢yHkiiro. OcTaHHS € YaCTUHHUN BHUMAJOK, TaK 3BaHOI, PpiOHO-
parioHanbHOI (PYHKINT — BiJHOIIEHHS MBOX OaraTousieHiB (moniHOMiIB). O4YeBHIIHO,

. o0 ovs . .
o0 THUN HEBU3HAYEHOCTI - (—) [Ilo6 ii po3kpuTH, MATOTYEMO (QYHKIIIO 0
e 0]

IPAaHUYHOTO NIEPEX0/y, BU3HAYUBIIIU, MTO-TIEPIIIe, HAMBUIILY CTEMIHb OAaraTo4icHiB
(y HamoMmy BHUIAJKy — II€ Jpyra) 1 MOJUIMBINM Ha x? BCl YJIEHU YHUCENbHUKA U
3HaAaMEHHHKA ogHo4acHo. OTke, MaeEMO:

2+ 3_°
22X +3x-5 x x2 2 .
lim —; = lim = —. Pe3ynbTaT 0Jep>KaHoO IPU BUKOPUCTAHHI TEOPEM
xon X2 —x+1 e, 11 3
3-"+
X X
PO TPAHHUIIO JIPpOOY, CYMH, CTAJIOl, @ TAKOXK 3B S30K MK HECKIHYEHHO BEJIMKUMH 1
. 3511 . .
HECKIHYEHHO MaJIMMH (a came: Ipd X > —,—,—,— € HECKIHYEHHO MaJll,
X X% X X
TOOTO iX TpaHulll JOPIBHIOIOTH HYJIIO).
2
. UXT+4 42X : 0
Ilpuknao 2. lim BT Maemo 3HOB HEBU3HAUEHICTh TUITY (—j
X—>00 X+ o0

Crapia cTeniHb X Y YMCEIbHUKY 1 3HAMEHHHUKY Jpo0y JOpiBHIOE ouHUII. [0
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pedi, Mpy HAsIBHOCTI KOPEHIB, Tpeba Mij 3HAKOM KOPEHS B3SITU TUIBKU TOM YJI€H, IO
MICTUTh X Y HaWBUIIINA CTETICHI 1 MPUKUHYTH, Y SIK1H CTENEH1 BIH CTaHe, SKII0 KOPiHb
13 HbOTO BUTATHYTH. Y HAIIOMYy MPUKIAJAl OJCPKYEMO X Y TEpIIid  CTemneHi.
HasBHICTP KOpeHs He 3aBa)kaTUME BHKOPHUCTAHHIO TOTO 3K MpuiioMy, 1o OyB
3anpoBajKeHUN y npukiaodi 1. OTxe, 0JepKUMO:

4
1+—+2

X+ 4 +2x . \/erz+
IIm—zllm—l

=1.(Buxopucrano, mo X = X2 ).

X—>0 3x+1 X—>0 34
X
2 —_—
Ilpuxknao 3. lim w Tun HeBHU3HAYEHOCTI (QJ . ToOGro rpanuyHe
-1 x? —5X + 4 0

3HAQYEHHS X € KOpeHeM SK 4YHCeJIbHMKA, TaKk 1 3HaMeHHHKA. [loTpiOHO
BUKOPUCTOBYBATH MIiAX1Jl, IO CYTTEBO BIAPI3HAETHCS BiJ PO3MVISHYTOTO BHIIIE.
[leperBopuMoO (yHKINIO, IO 3HAXOAUTHCSA I 3HAKOM TpaHuIl. [ias 1poro
PO3KIIAZIEMO KBaJpaTHI TPUWICHH, IO CTOSTh y YHUCEIbHUKY 1 3HAMEHHHUKY Ha
NOOyTKM JHIMHUX MHOXHUKIB. [Ipu 1mpomy, ouyeBHUIHO, Tam OyayTh MNPUCYTHI
OJIHAKOB1 MHOKHUKH, a caMme - (x —1). [loku Mu He nepeiieMo 10 rpaHulll,

COPSIMOBYIOUM X O OJIMHHULI, LI MHOXXHHUKM HE MpAMYIOTh 10 HyJsa. Jlimumo
OJIHOYACHO Ha (X —1) YHUCEIbHUK 1 3HAMEHHUK, a BXXE€ MOTIM NEPEXOAUMO 10 TPAHMIII.

CxXP=3x+2 . (x=1)-(x=2) . x-2 1
A came: lim————=Iim —lim _=
x>l X —B5x +4 x—>1(x_1).(x_4) x>1lx—4 3

Sxmo creneHi OaraTouwieHIB y ApiOHO-panioHaNbHOI (QYHKIIT BULIE APYroi 1
3aMICTh KBaJ[paTHUX TPUUJICHIB JJOBOJUTHCS MATH CIIpaBy 3 OararowieHamMHu OBl
BHUCOKHX CTEITEHIB, JOIIBHO KOPUCTATUCH YHIBEPCAIBHUM TIAXOJ0M, SIKUM, 10 pedl,
MOKHa 3aCTOCYBaTH 1 y TpuUKIaai 3. A came: YMCENbHUK 1 3HAMEHHUK Ipo0y
OJIHOYACHO JIIJIMMO Ha (x—a), JI€ a- YUCIo, IKe 00epTae iX 10 HyJIsl, TOOTO € OJTHUM 3
KOpDEHIB 0ararowieHiB, IO MICTATbCA y YHUCEIbHUKY 1 3HAMEHHUKY JApIOHO-
pauioHanbHOI QyHKIii. Jlo rpaHuill IepexouMo Micjisi BUKOHAHHS Oreparlii UICHHS.
3BEPHEMOCH /10 MPUKJIIATY.

i x> +3x —4

Ipuxnao 4. ''M 21

OueBHUIHO, TUTT HEBU3HAYEHOCTI (8)

OCKUIbKHM x =1 € KOpEHEM K YUCEIbHUKA, TaK 1 3HAMCHHUKA, TO BOHU JILISATHCS
0e3 3anuIKy Ha (x—1). A came:
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X —1
x3 — x?
2 XZ+x+4
X + 3X
X% — X

4x —4
4xX — 4

(0]

JlineHHs BimOyBa€ThCs, TAK 3BAHUM, «KYTOUKOM», 10 JOOpe 3HaHOMUM 3 HIKUTHHOTO
KypCy MaTeMaThKu. Y 3HAMEHHUKY MOXHa BUKOPUCTATH (POPMYITYy CKOPOUEHOTO
MHOkKEHHS. TakuM YMHOM, MOJUIMBIIM YUCEIHHUK 1 3HAMEHHUK OJHOYACHO HA (X —1),

X3 +3x—4
| |imX3+3X_4—Iim w1 _imx2+x+4_§_3
OHeP}KHMO' x—1 X2 _1 x—1 w x-1 X +1 2
x—1
) 1 3
Ilpuknao 5. lim| —— .
P XI—rﬂ(l—x l—x3j

MaemMo HEBHU3HAUYCHICTh (co—oo). bakaHO 3MIHMUTH 1i THI, BHKOHABIIH
€KBIBaJICHTHI MEPETBOPEHHS (DYHKIIII, 110 MICTUTBCS M1J 3HAaKOM rpanuii. [TpupoaHo
MPUBECTH ii 0 CHUIBHOTO 3HAMEHHHKA. SIK MpaBWiIO, MPHU I[OMY IMOUIYK T'PAaHMUII
copouyerbest. OTxke, 01epKUMO:

1 3 14X+ x5-3 . xXP4x=2
=lim =lim :
x>l 1— X 1—X3 x—1 1—X3 x—1 1—X3
Takum ynHOM, eneMeHTapH1 NEPETBOPEHHS JO3BOJIMIIN 3MIHUTH THII

. 0 C
HCBHU3HA4YCHOCT1 HA (6 , d IIOJaJIbII 11 Tpe6a BHKOHYBATH 3a CXCMOIO, IO

o X X=2 . (Xx=D-(x+2) O X+2
posrananace y npuxiaoi 3. lim———=1lim =—lm———=-1
x>l 1—X -1 (1-X)-(L+ X+ X7) 114+ X+ X

V1+x% -1
—

Ilpuknao 6. lim

x—0

HasBHIiCTh KOpeHsl 3aBaka€ BUKOPHCTAHHIO PO3TJSIHYTOI BHINE CXEMH, IIO0

. . 0 . .
CJI1 3aCTOCOBYBATHU IIPpWM HEBU3HAYCHOCTI THUITY (6) , IKa Ma€ MICOC 1 'y JaHOMY

npukiagi. [IpomoHyeThCs BHPOBAKEHHS EKBIBAJICHTHOTO TIEPETBOPEHHS JAHOI
GyHKIIIT, 0 MOJSATaE Yy OJTHOYACHOMY MHOKEHHI YHCEJIbHUKA 1 3HAMEHHHUKA JaHOTO
npo0y Ha, Tak 3BaHUM, CHpsHKEHUN BUpa3 (y JaHOMY BHITQJIKy — Ha (\/1+ x? +1)).
[Ticns BUKOpUcTaHHS (POPMYIT CKOPOUESHOTO MHOKEHHS MU (DaKTHIHO

MOTIaJIEMO B YMOBH, K1 pO3IIISLIATINCh Yy npuknaodi 3. Maemo:
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V1+x% - (V1+x? =1)- (V1+x* +1) x?

: X
IXILT‘]) X HO X (\/H+l) IHOx (M+l) IXILI‘])\/1+—x+1 >
3ayBaXxuMO, 10 TPH HASABHOCTI KOPEHS TPETbOTO CTYMNEHS MOXKHA
BUKOPHUCTATU M€ OAHY (OpMyTy CKOPOUEHOTO MHOXEHHS 3 Kypcy MIKiIJIbHOI
MaTEeMaTHKH, TTIOMHOXKMBIIIM YUCEJIbHUK 1 3HAMEHHUK Ha HETOBHUHN KBaapaT CyMHU
(abo pi3HUIII).
Ilpuxnao 7. lm(\/ra —\/;) Mu Bxe BOpPYre OAEpKYEMO NyKE «HETPUEMHY»

HEBHU3HAYCHICTh TUIY (o0 — o). AJI€ Ha BIIMIHY BiJ CUTYyaIlli, 1o Oymna y
npuxnadi 4, nana QyHKIS HEe MICTUTh Jpo0iB, TOMY Tpeba IIyKaTH 1HII HUISIXH JJIs
3MIiHU THIy HeBH3HAYEHOCTI. BuKkopucTaitmMo nmpuitom, 3aCTOCOBaHUHN Y npukiadi 5:

. e (\/x+a—\/§)-(x/x+a+x/§)
I =)= R M e

3ayBa)KMMO, 10 Takl K caMl MPUHOMHU Tpeda BUKOPUCTOBYBATH, SIKILO 3aMICTh
X y HnpuKiaaax 0yJae n - apryMeHT, 10 NMpUiMae il 3Ha4eHHs. | 11e: He3Bakarouu
Ha pI3HOMAHITTS MPUKIA/IB, ICHYIOTh I[UJIKOM BH3HAa4Y€Hl CTaHAAPTHI NpPHIOMU
PO3B’sI3yBaHHS 3a/1a4, OB’ SI3aHUX 3 PO3LIYKOM IrpaHullb. 1peba ysasxcHo npopooumu
Yio memy: 60HA MA€ Oydce WUPOKe 3ACMOCYBAHHA Y PIZHUX PO30inax Kypcy 6Uuwoi
Mamemamuxu.

13. HEPLIA BAKJIMBA TPAHUILIA

) ) . sinx .. .
Skuo x € paalaHHa Mipa KyTa, TO Ilrrg— =1.1le CImBBIIHOIIEHHS 1 € nepuia
X—> X

sadcnuea epanuys. Ilpyu mpsiMyBaHHI X J10 HYJA sinx — 0, X — 0, TOOTO MaeMo, IO
IpaHUIlS BITHOIIECHHS IIUX JIBOX HECKIHUEHHO MaJuX BEJIMYMH JOPIBHIOE OuHMUII. I3
IIOT'0 BUILJIMBAE, JI0 peul, 10 QYHKINT sinx 1 X MOBOJATH ce0€ OJJHAKOBO MPU x — 0.
Bigomo, 1o 11e#t pakT BUKOPUCTOBYBAIM aCTPOHOMH: ISl AYXKE MAJUX KYTIB X iX
3HAUYCHHS TNPUOJIU3HO JOPIBHIOIOTH CHHYycaM 1uUX KyTiB. O4eBHAHO, IO

X tgx
lim——=1, I|m—_1 lim 9 _1.
x-0 Sin X x—0 tgx x-0 X

JoBenenns. Posrisinemo koo paaiyca 1 (puc. 13.1).

Y1 c
M
X {
0 B x
Puc. 13.1
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[To3zHaunumo ueHTpasnbHuii Kyt MOB, 1pu 1BOMY 0<x<%. 3 puc.13.1

0e3Iocepe/IHbO BUILTUBAE, IO IUIONIA TPUKyTHUKAa MOA MeHIa 3a IUIOLLy CEKTopa
MOA, axa mMeHia 3a oy TpukyTHuka COA.

[Inoma TpukytHuka MOA 1OpIBHIOE ;OA- MB = ;1- sinx = ;sin x. Ilmoma

CEeKTOpa  MOA IOPIBHIOE ;OA- AM = ;-1- X = ;x. [Tnoma tpuxkytHuka  COA

JOPIBHIOE ;-OA- AC = ;-1-tgx = ;tgx. Takum 4MHOM, MaeMo ;sin X < ;x < ;tgx, abo

Sin X < X < tgx.

[TomimuMo BCl WIEHHM OCTaHHBOI HEPIBHOCTI Ha sinx: 1l<-—~—<-——— abo

SIn X

.. . sin(—x) sinx
1>=——>cosx.ll4 HepiBHICTH HoOBeneHa I x>0, ajle, OCKUIbKH =
X

(=x) X
cos(—x) = cos X, BOHa BUKOHYEThCS TaKOXK MPU x <0. Ane limcosx =1, lim1=1. Jlam

x—0 x—0

CKOPHUCTAEMOCH M eopemolo:
HAxwo  midc  8iONOGIOHUMU — 3HAYEHHAMU — MPbOX  QYHKYIU
u=u(x), z = z(X), vV = V(X) BUKOHYEMbCA HEPIGHICMb U< Z <V, NPU YbOMY
u(x) ma v(x) npu x—a (abo npu X — ) MarOmMv 0OHAKOBY SPAHUYIO
b, mo z=2z(x) npu x—>a (Ab0 X —> ) MAKOHC NPAMYE 00 b .

. SIn X . o
Ane 3MiHHA —— 3HaXOOUTBHCA MK ABOMa BCIMYMHAMH, IO MArOThb OJHY H TY XK
X

rpaduito, mo gopiBHOe 1. ToOTo, Ha MmijACTaBl MPOIMTOBAHOI BHIIE TEOPEMH,
lim sinx =1.
x—0 X
1-cos x

X2

Po3B’s13aHHA yCIX MPUKIIAIB HAa MOUIYK I'PaHULb TPAJULIMHO MOYUHAETHCA 3

TeCTyBaHHs (PYHKIIIi, pO3TaIIOBAHOT Mij
3HaKOM Tpanuill. Jyig nporo Tpeda miJIcTaBUTH TPAHNYHE 3HAYCHHS apTYMEHTY Y

naHy (YHKIIO 1 MOAUBUTUCH, IO MPHU I[OMY OACPKYEMO. Y HAIIOMY BHIIAJIKY

Ilpuxnao 1. 3uaitu Iing

. 0 . 5 X .
Ma€eEMO HEBU3HAUYEHICTh TUILY o . Bukopucraemo popmyny 1—cosx = 2sin > Tom

2sin? sin ~ -sin X
. l1-cosx . 2 . 2 2 1
lim———=Ilim———= =lim—=——= =",
x—0 X x—0 X x>0 X X 2
2 2

Bumie BUKOHaHI eleMEHTapHI €KBIBaJICHTHI IMEpPEeTBOPEHHs. TakoX KOPHUCTYEMOCH
TEOPEMOIO MPO TPAHMINIO JOOYTKY 1 OYEBHJIHUM y3arajJbHCHHSIM IEpIIOi BaXKJIUBOI

.o Sin(p(x)
TpaHulLl: ¢!|Xm0—(p(x) =1
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Ilpuxnao 2. Iirq(l— z)-19 %Z.V JTAHOMY MPUKJIAA1 MU BIIEPIIE OJEPKYEMO

«EK30THYHY» HeBU3HaYeHiCTh Tty (0-c0). [Ipy po3B’si3aHHI MPUKIAAIB HEH THIT

. 0 o0 o
HEBU3HAYEHOCTI JIETKO IIPUBECTU a00 K TUILY (6) , 200 — K (—j . Ilepennmemo nanui
o 0]
. z
) . (1—12)-sin Tz
IPUKIJIAJ Yy BULIIAL: lim(L—z)-tg =% = lim 2
71 2 71 Tl
cos ™"

. . 0 .
TGCTyBaHHH IMoKa3zye, o TUIl HCBU3HAYCHOCT1 3MIHHUBCA Ha (6 . I[am 6}7}16

. . rz . (7m 72 . 7(l-2)
notpiOHa opmysia IpUBEACHHS: cos—~ =sin| 2 ~= |=sin———.

Taxkum YUMHOM, 3aJIMIIA€TbCA CKOPUCTATHCh LIOHUM PE3YJIbTATOM 1 TIOMHOXXHUTH

T . Tl
~—(A-12)-sin—
(1-2) 5

. s ; 2
OJHOYAaCHO YHUCCJIIbHUK 1 BHAMCHHHUK Ha —. OT)KG, MaeMO: lim =—
2 -1 T sin 7(l-2) pn

2 2
Sk 6aurMo, 3HAHHS MIKUIBHOI TPUTOHOMETPIi CYTTEBO BUKOPUCTOBYETHCA MPHU
BHUBYEHHI 1 IEpIIOT BaXJIMBOI rpanuili. To0To, 3aiiBUX 3HaHb HE OyBae!

14. IPYT'A BA’KJIMUBA T'PAHULIA

: 1)
JIpyroro BaKJIMBOIO TPAaHULICIO HA3UBAIOTh I|m(1+ —| =e Yucmo e - 1e

X—>0 X

OCHOBa HaTypaJIbHOTO Jorapudma. Tum HeBU3HAUCHOCTI (1°°) MO’KHA BBaKaTu
«BI3UTHOIO KapTKOIO» JIPYTO1 BaXJIMBOI TPAHUIL.

. 1
Skio 3po0uTH 3aMiHYy Z =—, TO OJEPKUMO 1[I0 TPAHUIIIO0 Y HOBOMY
X

1
BUTJISIIL: Iirrg(1+ z)? =e. Tun HeBU3HAYEHOCT! (DYHKIIIT, III0 3HAXOAUTHCS 1T
77—

3HAKOM TPaHUIIl, HE 3MIHUBCS: Y IY>KKax J0 OJMHHUII JIOAAETHCSI HECKIHUEHHO MaJia
MpH BIANOBIAHOMY NPsIMyBaHHI 3MIHHOI BEJIMYMHH 1 IIPU LIOMY L CyMa Ma€
HECKIHUYEHHO BEJIMKUU MOKa3HUK CTETICHI.
3a 1omoMororo 1ux (HopMyJs1 MOKHA PO3B’SI3yBAaTH BEIUKY KIIBKICTh 3a/1a4.
3BEepHEMOCH JI0 TIPUKJIAIIB.
. k\™
Ilpuknao 1. I|m(1+—J :

X—00 X

Xoda TUIN HEBU3HAYECHOCTI — TaKWid, SK Yy CTaHAAPTHIA Gdopmydi, aie
HAsSBHICTh JESKUX BIAMIHHOCTEH HE JI03BOJISIE MUTTEBO HEHO CKOPUCTATUCH. Tomy
MEePEeTBOPUMO  CKBIBAJICHTHHM YWHOM BUTIIS JaHOi (YyHKII Tak, o0 Oyso
MO>KJIUBO PO3TIIIHYTH CaMe IPYTY BAXKIJIMBY TPAHUITIO.
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m-k
mx =

Iim(1+5j = lim 1+l = lim 1+l =e™,
X—>00 X X—>00 X X—>00 X

k k

Criouatky 4yucio k BIJIMPaBICHO y 3HAMEHHUK 3HAMEHHUKA, MOTIM y MOKAa3HUKY
CTETEHsI OJJHOYACHO MTOMHOKEHO 1 MOJLIEHO TakoK Ha yucio k. [licins BUKOHAaHHA
[IUX EKBIBAJICHTHUX oOmepamiii y (irypHux IyXKKax OAEpKAHO NIyKAaHUN BHIJIS
¢byskii. OTxe, Ma€EMO pe3yibTaT, BUKOPUCTOBYIOUH IPYTY BaXKJIUBY TPaAHUIIIO.
2x-1
. [ x+1
Ilpuknao 2. Ilm(—zj .

X—o\ X —

Jlerko 06auuTH, MO TUN HEBU3HAYEHOCTI (1°°). Ane cuTyarlisi BUTJISIAE
JIEKUIbKa CKIIaJIHIIIE, HDK Y TonepeIHboMy Npukiaai. [lepeTBopuMo eKBiBaJICHTHUM
YMHOM BUIJISLA faHoi pyHKil. Hama meta — y ToMy, 1100 miciis epeTBOPEHb MOKHA
Oyno 6 mobauuTH caMe APYry Ba)XJIuBY rpaHuiio. Crouyatky 3poOMMO BUILJICHHS

. X+1 .
LIJIO1 YaCTUHU 3 IPpO0Y P J{71s1 bOT0 1CHYIOTh TPH CIIOCOOU:
X —

X+1 (x+1 j 3 1

1 =1+ —=-1|=1+ =1+ : 0 peul, 3HAMEHHHUK
) X—2 X—2 X—2 X-2 flo-p 4 4

3
OCTaHHBOTO JAPOOY MICTUTHCS MiJKa3Ka: camMe Takui BUpa3 Tpebda Oyae BUIUIUTH,
MIEPETBOPIOIOYH J1aJll TOKa3HUK CTEIEHI.
X+1 (x-2)+3 3
2 Xr1_(x-2)

=1+ .
X—2 X—2 X—2

. . X+1
3) Hapermti, MO>XKHa TOJITTUTH YUCEIBHUK TPOOY 2 Ha 3HAMEHHUK (came
X_

TaKk BUAUILIIOTH 1[Iy YAacTUHY HeMpaBWIbHOTO npoOy). [lia yactuHa y Hac —
OJIMHUIIS, a 3JIUIIOK BiJ] AUICHHS — YMCEIBHUK IPOOOBOT YACTHHHU.
BukoHnaemo nepeTBOpeHHs TOKa3HUKA CTEIEH]:

2x—1:2(x—2+2)—1:2(x—2)+3:6-(x;32j+3.

Tenep Haily rpaHULIO OAEP>KAaTH HEBAXKKO:

6
6{";2)+3 x=2 3
3

2x-1
im{ 2L Ciml s L _limd| 14 L AP ef,
X—»00 2 X—00 X — X—>00 X—2 X—-2
3

3 3

3BepHEMO yBary Ha Te, 1110 BUpa3 y GpIrypHHUX JIyKKaxX CIIBIAJA€ 332 CBOIM BUTJISJIOM

Ta HOBGI{iHKOIO CcaM¢€ 3 JIpYI'Or0 BaKJIIMBOIO I'PAHUIICTO.
2

Hpuxnao 3. IM(5x —4) 1

MaeMo HEBU3HAUEHICTD (1°° ) OcCK1JIbKY BUIIPaBIOBYE ce0e mpHiioM, 110
0a3yeThCsl HA €KBIBAJICHTHUX MOTMEPEAHIX MEPETBOPEHHAX, BUKOPUCTOBYEMO HOTO
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3HOBY. OTXke, 5x—4 =1+ (5x—4-1) = =1+5(x—1). 5(x—1)1 € Ta cama HECKIHYCHHO
Maja mpu x — 1.

2 2X

= X I.s
|irq(5x—4)x21:lirq(1+5(x—1))(x_§<X+1> :lirq{(1+5(x—1))s<xl-1>} e

BbyBatoTh cuTyailii, KOjau, Ha TEPIIN MOTJIA, HE Ma€ MiJCTaB Y BUKOPUCTaHH1
JIPYroi BaXJIWBOI TpaHMIl, aje IMCIs JIEKIJIbKOX KpPOKIB CTa€ OYEBHJIHOKO il
HEOOX1HICTb.

3BEepHEMOCH JI0 TTPUKJIIATY.

In(1+ kx)

Ilpuknao 4. IXILT(]) ”

. 0
MaeMoO HEBU3HAYCHICTh (6 . Ocb 5K IMPpOXOOUTH IIOIIYK PC3YyJIbTATY:

1 1K
IimM ~lim *. In(L+kx) =limIn@ -+ kx)* = Iim{ln(1+ kX)kx} =e“.

x—0 X x—=0 X x—0

Ilpuknao 5. O6uucnuTu rpaHuLio QyHKIT

|im(1—5)3.
X—>00 X_4

OueBuaHO, THI HeBU3HadeHOCTi {17}, 1m0 BKazye Ha HEOOXIAHICTE
BUKOPUCTAHHA JIPYroi BaxJMBoi rpaHuil. OTxe,

(x-4)+45
3 5

w|

: 5 3 . 1 : 1 1
'xﬂl(l‘x_ﬁ =lim) 1- X—4 =lm 1+_x—4 '1+_x—4 -
5 5 5
5
x4 3 4
5 3
i 1 1 | s
=lim 1+_x—4 'l+_x—4 —e
5 5

Ilpuknao 6. O6uvcaUTHU rpaHuIio QyHKIIT

. In(a+x)-Ina
lim ( ) .

x—0 X
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. 0 . .
MaeMO HEBHU3HAYEHICTh TUILY (Oj [leperBopuMO (yHKIIIIO, PO3TALIOBaHY Mif

3HAaKOM T'paHUIll, BUKOPUCTABIIH BIACTUBOCTI JIOTapu(pMy.

1
. Ina+x)-lha ,. 1, a+x . 1 X . X \x
lim ( ) =lim=Inh——=Ilim=In|1+ = |=limIn| 1+ =] .
x—0 X x—=0 X a x—=>0 X a x—0 a

[IpokoMeHTYyeMO MOCHIAOBHICTh Ail. CrioyaTKy pi3HMIIO JOorapudMiB 3aMiHWINA
jJorapudmoM J1poOy, MOTIM 111 3HAKOM JioraprdMa MOWICHHO HNOAUIAIN Ha YUCTIO a.
Hapernri, 1pi6 nepenecnn y moka3HuK (yHKIIII, 0 CTOITh Mij 3HAKOM Jorapudma.
[Ipu oMy, TUN HEBHU3HAYEHOCTI 3MiHIOBaBcA. OCTaHHS 3 TPaHUIb MICTUTh MiJ
3HAKOM Jiorapu(ma HEBU3HAYEHICTb THUITY (1°° ) Came yac BUKOPUCTOBYBATH JPYTY
BaXIMBY Tpanmmio! OpHak mepex 1M "miAnpaBAMO" TIOKAa3HUK CTETCHS,
MTOMHOYUBIIIH 1 MOJITUBIIKA HOTO Ha a. OAEPKUMO:

E lﬁ E a 1
. X\x . X \xa . X \x =1
I|mln[1+J :Ilmln(1+] =limIn (1+j =lne2 ==,
x—0 a x—0 a x—0 a a

Ak 6aunmo, y KBaIpaTHUX JTy>KKaX BHUHHUKJIO CITIBBIJHOIIIEHHS, TPAHUILIS SKOTO MpPHU
x—>0 gopiBHIOE e. OCKUIbKH JjorapudmiyHa (QyHKIS HemepepBHA, MOXHA
MEPEXOAUTH JI0 TPAHUIII ITi]T 3HAKOM Jiorapudma.

15. JESIKI EJJEMEHTH JOCIIUKEHHS ®YHKIIIT

Hapenemo aesiki MOHATTS, a TAKOXK BJIACTUBOCTI (DYHKIIIN, K1 Oy1yTh
BUKOPHCTOBYBATHUCS B MOAANIBIIOMY, 30KpeMa, MPHU AOCTIIKEHH] (PYHKIIII.

15. 1. HyJai ¢yHnkuii, 3Hak GgyHKuIii

Busnauenna. 3nauenns X, npu saxkomy ¢yukyis Y
O0OpIGHIOE  HYNI0, HA3UBAEMbCS HYAeM  (DVHKYIL,
moomo X=X,- Hyw @yukyii y=f(x), saKkwo
f(X,) =0 fMxwo 3mnax y ¢ynxyii Ododammuuii y

®

oesikomy inmepeani oci OX, mo epagix @ynxuyii
pozmawiosanuti  euwge oci OX; axwjo 6i0 emHull -
Huoicue. YV nyni ¢yukyii epaghix mae cninibHy mouxy

3 giccro OX (puc.15.1).

Puc.15.1

15. 2. IlapHicTh Ta HenmapHicTh QyHKUIIT

Busnauenna. Oyuxyia y= f(x) Hazueaemvcsa napHoio, SAKUWO 80HA He

3MIHIOEMbCA, KO 3HAK i1 apeymMeHmy X 3MIHUMU HA NPOMULENHCHULL,
moomo f(—x) = f(x).
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Qyuxyin y = f(X) Ha3UBaeMbCS HENAPHOIO, AKWO BOHA 3MIHIOE 3HAK HA

NPOMUNEHCHUU, KOAU  3HAK il apeymeHma X NOMIHAMU HA
npomunedichuti, moomo f(—x)=—f(x).

Hpuknao 1. Beranosuty, mo gaHa  ¢QyHkuia y= f(X)=x’e
y=x!  TAPHOIO.

Maemo f(—X) =(-x)* =x* = f(x). Takum unHOM, QyHKILis
y =x’e maproro (puc. 15.2).

X

Hpuknao 2. Bcranosutu, mo ¢Qyskuis y=f(X)=x° e HenapHoro.

Puc.15.2 Maewmo f (—X) = (—x)® = (-1)°x° = —f (X). ya 777
Taxum unnOM, QyHKIis Y = X° € HenmapHOW (puc. 15.3).
Heo0xi1Ho 3HaTH, 110 rpadik napHOi PyHKIIT € CAMETPUYHUN
BiIHOCHO oci OV, a rpadik HenapHOi (DyHKIIIT € CHMETPUYHUM
BITHOCHO MoYaTKy koopauHat (muB. puc. 15.2 Ta puc. 15.3).
SIKI0 yMOBH TapHOCTI a00 HENapHOCTI HE BUKOHYIOThCS, TO
GyHKIIIS HE € TApHOIO UM HETMapHOI0, a rpadik Takoi PyHKITi Puc.15.3
He OyJe CUMETPUYHUM.

x

15. 3. IlepioanunicTs GpyHKIIT

Busnauenna. @yuxyis y = f(x) Hazueaemucs nepioouuHorw,

AKWO icHye make dooamue 4ucio T, o Ha3u8acmuvcs nepio0om, O
K020 npu 6y0b-KOMY 3HAUEHHI X GUKOHYEMbCS PIGHICMb

f(x+T) = f(x).

MoxHa y3araJbHUTH OCTaHHIO PIBHICTh Y BUTJISIAL: f(x+nT)=f(X), ien—
Oyap-sike 1iyie yucno. ToOTo KIIbKICTh MepioAiB GyHKIIT HEOOMEKEHa.

VY SKOCTI MpUKIaAy MOKHA HABECTH TPUTOHOMETPUYH1 (QyHKLITT

y=sinx, y=cosx, (T =2x);y =tgx, y =ctgx, (T =x).Y nayxkax BKa3zaHO HaWMEHIIIi
nepioau nux GyHKIlA. AJie 3p0o3yMiJio, 10 iX MepiogaMu MOKHA BBaXKaTH

3HAUEHHS, 10 € KPATHUMH J0 HAWMEHIIUX NepiofiB. Ko GyHKIIS € TepiouIHOIO,
TO TIpH MO0y 10BI 1i rpadika Oyae JOCTaTHHO 3POOUTH II€ HA OJJHOMY IEPIOJi, a MOTIM
MIPOJIOBKUTHU HOTO HA BCIO 00JIaCTh BUSHAYCHHSI.

15. 4. 3pocranHs, cnaganHst (MOHOTOHHICTB) QyHKIT
Busznauenna. @ynxyisn y = f (x) 3pocmae (cnadac)

J(:x)“_\) | ﬂ” ol Ha 0esaKoMy IHmepaai, AKuo OLIbUUM 3HAYEHHAM
f(x;) S fiz) [1)<0 o / apeymenmy 8ionogioaroms Oiibull (MeHuti) 3Ha4eHHs.
{f(ff});. ' @DYHKYIL: MOOMO AKWO NPU X, > X, MAEMO
Fixg)2 f(x) ,J?’;TM f(x,) > f(x)), mo @dynxyia y = f(x) 3pocmae, axwo
7 — o 1} o npu X,>X, 6uKoHyemowcs Hepienicms f(X,) < f(x,),
e o Puc.15.3 mo ¢ynxyin y = f(x)
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cnaoae (puc.15.3).

[HTepBas 3Ha4YeHb X, Ha SKOMY (YHKIsS 3pocTae (Crajaae), Ha3UBAEThCS
IHTEpBaJIOM MOHOTOHHOCTI (3pocTaHHs (cragaHHs)) QYHKILI.

JlocmimkeHHsT MOHOTOHHOCTI (PyHKIIIT Ha 6a3i 11 BU3HAYEHHS € JIOCUTh BaXKKa
3aj1a4a. AJie icCHye 3B’SI30K MK MOHOTOHHICTIO ()YHKIIIT Ha JEIKOMY IHTEpBaJl Ta
BJIACTUBOCTSAMU TOXIJIHOI IT1€i (PYHKIIIT HA JAaHOMY IHTEpBai, AKUKA OyJeMo BUBYATH
y HACTYITHOMY PO3/ITi, MPUCBIYEHOMY TTOX1/THIH.

16. BABJAHHS J1JI1 CAMOCTIMHOI'O BUPIIIIEHHS

I. 3naiiTu o01acTh BU3Ha4YeHHA (pyHKuii. HanecTu ii Ha YuCJI0BY Bich

Ly In(x* ~8x+15) 2. y= X3
' X—4 ' ' J2x+6’
VXx? —8x+15 . sin(2x +1) .
3.y= ; 4, y=""207
eX In(3x —9)
2—-X | .
S Y=, 5’ 6. y=In(x—4)+3JXx+5;
X —
7 arctgzx ’ 8. y- In(x —1) ,
—5X“ +6X X% —X—6
-1, x? -1
9. y=In= 10, y=———.
y 2+ X y X+3

I1. 3naiiTu rpanuni ¢pyHKuii, He BUKOPUCTOBYIOYH NpaBuiio Jloniraas

2 3x
a)lim 2 FH8 gy XS 08X gy (1, 2]
x>0 6X°—X—T7 x>1 X —6X+5 x-0 5% X0 X
&) lim ¥ =21, f) lim(4x - 3)1x,g)||m(x+3j
x> x-1 X+1
2 2 4x
a) lim 2X FIOXHL -y X m2x L o) lim X, d)lim[1+3j :
x->= 18X +5 x>1 X°—7X+6 x=0 §in 5X X—>o0
/ ) 2x 6x
e)IimM; ) lim(7x — 6 )ix; g)lim(2X+3) .
X1 x-1 x-1 x—x\ 2X+1
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3

2 2 _ 3
3. aylim 22X XE Ty gy 2R iy 95X gy lim(1 2x) 5
x> 6X> +5X -9 x—>4 2x° —13x+ 20 x-05in X x—0
-9 — 2x
e)lim A[3X—2 2; f)lim(3x—2)ﬁ; g)| C0S 3X 2cos5x
x—2 \/2X+5 -3 x—1 x—0 X
2 . 4x+3
a) lim 3% +201 b) lim 2X° + X — 10; c "ms!n3x; d)lim 1+i ;
x> x* 45 x>2 X% —X—2 x=0 8N 5X X0
1- \m | w7
e) lim ; f)lim(6x—5)x; lim| ——x|-tgx.
2 _ 2 _ . _ 4x+3
) lim 10X +2x-7. b) lim 3x2+2x 1 C)"msm(4 x); 4 lim 2x+1)""
x>e Bx* +3x+1 x>-1 5X" +X—4 x4 AIX—=2 o 2x
. 1-x-3 . 7 . arcsin 3x
e)lim =" "7 f)1lim(3x—5)a; lim ——""_ |
)x—>—8 2+i/; )x—>2( ) N g)xao \/Z—X—\/E
5 2 _ 2_ 4x+3
a) lim 3x4+20; b) lim 5x : 7X 34; o) lim 3x- 5x; d) lim X+2 ;
X=X 45 x>2 2X°+X—6 x>0 sin 5X x>o\ X+1
— 7x
e lim S X ey imex—5);  g)lim-T-9052X
x>-2 24+ ./X+6 1 x—>0 COS 7X — COS 3X
_ 2 4x+3
aylim X207 i 71; olim 93X dytim(1+8]
x> 3X"+5 -1 2x% —x—1 x-05in 5X xoo| X
30
) lim Ly im(ax - gy tim 190K,
x>52 _ [2x+14" x>0 1—C0S 4X
4x+3
8. a)Iim5X4+20; by lim 2 =2 oy im 99X gy g L)
xon X" 45 x->2 X2 —X—2 x>0 SIN5X x—x| - 3X
) 2y 2
&) lim V2*+3-3. f) lim(5x - B g)lim SN X—t9x XX
xe34_x/ X+7 x—0 X
8x2+20x—5 .. 2x2+13x+15 .. sin3x. o ax Y
a)lim— -~~~ b)lim-— _~—— "= c)lim— ; d) lim ;
x> B6X°4+5 x>5 2X°4+9x-5 x>z SIN 5X x>o\ 4X +1
— 7x
&) lim JJx+10 4; ) lim(10x Q) 9)lim 1+ xsinx — cost
Xx—>6 2 _ /fg x—1 Xx—0 sin’ x
X2 +2x" _2X*—Tx+3 x4l 1 6 )
a)lim-—~—————-; b)lim_———~——~; ¢ e d)lim —-——|
10. == x'+5x-8" T x=>33x*-8x-3  x>-isin(x+1) -3 x-3 x*-9
m = V3X+1 Y lim =X g) lim x-(In(x+1) - In x).
X—>0
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II1. TocainnTi pyHKILiI0 HA HeNepepBHICTH

X
1 f)=x-2x 2 fo)=——; 3. f)=arctgt: 4 F(X)="3
x—1 X X
ES x-1 0<x<3 x+4, x<-1
—2xil: o f(X)= o T f()={x+2, —1<x<]
5. f(x)=2x1; 5 f(X) {3—X 3<yed (x) + <
2X, x>1
i 1 2
sin X - X=X
8.f(x)=—~; 9. f(x)=ex; 10. f(x):‘z—‘;
X X =X
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