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1. 3BUYAMNHI JUOEPEHUIAJBHI PIBHSAHHSA ITIEPILIOI'O ITIOPAJIKY
1.1. OcHoBHI TOHATTH

3euuaitnum oughepeHuianbHuUM PIGHAHHAM REPULO20 NOPAOKY HA3UBAETHCS

CITIBBITHOIIICHHS BUTJISITY
F(xy,y)=0,

(abo, K10 BOHO PO3B’ A3aHO BIAHOCHO MOXITHOL, TO - y(= f(X,y)), A€ X - He3aneHcHa
3MiHHA, Y(X) - wyKkarna QyHKIIIS.

3azanvnum inmezpanom nudepeHIiaIbHOTO PIBHAHHS HA3UBAIOTH (DYHKITIIO
f (x,y,C) =0, sika BU3HAYA€ 3araJIbHUM PO3B’ A30K Y HEIBHOMY BHTJISIII.

bynb-sxuii po3B’s130k y =j (x,C,),ab0 interpan f (x,y,C,) =0, AKui JiCTaHEMO 3
3arajbHOTO PO3B’ SI3KY MPU KOHKPETHOMY 3HA4Y€HHI JIOBUIBHOI cTanoi C =C,,

Ha3UBAIOTh BIAMOBIIHO YACMUHHUM PO38’ A3KOM, a00 YACMUHHUM IHMe2PaioM.

OyHKIISE  y=j (X) Ha3UBAETbCA  pP038 A3KOM 1HOTO JU(PEPEeHIIaTLHOTO

PIBHSHHS, SKIIO INCIS 3aMiHA y Ha j (X), y¢ Ha j (X)BOHO IEPETBOPIOETHCSA Y
TOTOKHICTb.
Ocnognoro 3adauero meopii OugpepenuianbHux pIiGHAHL € HOWYK YCIX
D036’ A3Ki6 3a0aH020 OughepeHyianbHo20 PiBHAHHA | 6UBUEHHA 6]1ACHUBOCH
Uux po3e’ A3Kie.
[Tomryk po3B’s3kiB Iu(epeHIIaTbHOTO PIBHSIHHS HA3UBAIOTh IHMeE2PY8aAHHAM
LbOTO PIBHSHHSA.

Inmezpanom udepeHIIAILHOTO PIBHSHHS HA3UBAETHCA CITIBBITHOIICHHS
f (x,y) =0, sIKe HESIBHO 3a/1a€ PO3B’ SI30K I[bOTO PIBHSIHHS.

Inmezpanvnoro Kpueorw nudepeHIiaILHOTO PIBHAHHS HA3WBA€ThCS Tpadik
Horo po3B’si3Ky y =j (X).

3azanvnhum po3e’ azkom AUQPEPEHIIATBHOIO PIBHAHHS HA3UBAETHCA (DYHKIIIS
y=j (x,C), siIka € pO3B'A3KOM LbOIO pIBHSIHHSA MpPU OYIb-IKHUX JTOMYyCTHUMHX
3HauYeHHsX ctajnoi C.

3aranbHOMY po3B’si3Ky (a00 3araqbHOMY IHTErpayly) BiAINOBiNA€ CIMEHCTBO
IHTErpaJbHUX KPUBUX.

3aoauero Kowi nns nudepeHIianbHOTO PIBHSHHA HA3MBAETHCSA 3ajadya
BIJITYKAHHS PO3B’ 3Ky IILOTO PIBHSIHHS, KU 33JJ0BOJIbHSE MTOYATKOBIN YMOBI

y(%) = Yo,

a00 3ajaya BUJAUIEHHS 13 CIM'i IHTETPAJIbHUX KPUBHMX TI€i KPHUBOi, sIKA MPOXOJUTH
yepes 3a4aHy TOUKY (X,, Yo)-
3amauya Komi, abo 3agaya 3 MOYaTKOBOIO YMOBOIO, HE 3aBXKIW Ma€ €IUHUN
po3B’s130K. HacTynHa TeopemMa MiCTUTh YMOBH, TIPU SIKUX PO3B’ A30K PIBHSHHS
y(=1(xy)
ICHYE 1 € €TUHUM.
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Teopema Komi. fAxmo ¢ynkmis f(x,y) 1 i moxiaHa ::T]—f BHU3HAYCHI 1
y

HEeTmepepBHI B 00JIaCTi, MO0 MICTUTh TOYKY (X,,Y,), TO ICHYE €IUHUN PO3B’ 30K
PIBHSHHA Yy =j (X), Takuii, mo Y, =j (X,), TOOTO Yepe3 TOUKYy (X,,Y,) IPOXOIAUTH
€IMHA IHTETpaJIbHA KPUBA JTAHOTO PIBHSIHHS.

3ayBakeHHsI. YCIiX B po3B’si3aHHI qudepeHIliaIbHuX PIBHAHD y BETUKIN Mipi
3QJIEKUThH BIJl YMIHHS PO3Mi3HABATH TUNHU PiBHAHb. OTXKe, NPUILIITH yBary oMY
MUTaHHIO.
1.2. PiBHsIHHS 3 BiTOKpeMJIIOBAHMMH 3MiHHUMH

HudepeniiianbHe piBHIHHS 3 BIAOKPEMIIIOBAHUMHU 3MIHHUMU Ma€ BUTIISLL

M (x,y)dx + N(x,y)dy =0,
M(Xy) =M ()M, (y), N(Xy)=N;(x)xN,(y) (1.1

a00, SKII0 BOHO PO3B’ 13aHO BIHOCHO MOX1THOI:
dy _ _ 2
5 0 Ty Fy) = H09xF (). (1.2)

Tomi, po3ainuBiig oouaBi yactuau piBHsIHHS (1.1) Ha 100yTOK
M, (y) XN, (x) * 0Ta TOMHOXXHMBIIK Ha dX, JICTAHEMO PIBHSHHS 3 BIIOKPEMJIICHUMU
3MIHHUMU

ML) g, Na) g
NG My(y)

(a0o 3 piBusHH (1.2)

dy )
fz(y)—fl(X)dx, f,(y)1 0 ).

3aranbHi iHTerpanu piBasHb (1.1) Ta (1.2) BiAMOBIIHO MarOTh BUIJISI;

RYNC PN

. dy .
dy =C, = Of,(X)dx+C, C =const.
N, (%) ,(Y) Of (y) = Oh(

Ilpuknao 1. 3naiitu po3B’ a3ku qudepeHIliaTbHOTO PIBHSIHHS

d
_dy =xXy-D.
X

) . dx
IToMHOXUBIIIM OOW/IB1 YaCTUHHU PIBHSIHHS Ha ot OJZIEPKUMO:

i = xdx.

y-1
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2
3BiacU (‘)yd—ylzc‘y(dx+c, In|y-]j:X?+ln|c|, C=Inc, Ct0.

XZ

ITiciis MOTEHIIFOBAHHS MAEMO 3araibHUM PO3B’ A30K PiBHAHHA y=1+ce?.
OyHKIiA j (Y)=y-1 JOpIBHIOE HYIIO, AKIO y=1. y=1 € PO3B SI3KOM JIaHOTO
PIBHSIHHSI, TOMY IO ii MiJICTAHOBKA Yy JlaHE PIBHSHHS IMEPETBOPIOE 11€ PIBHAHHS Y
TOTOXHICTb. [IpoTe el po3B’SI30K MOXHA AICTAaTH 13 3arajlbHOrO PO3B’SI3KY MpHU
c =0, TOMY BiH € YACTUHHUM 1 HE BTPATUBCS NP BIJJOKPEMIICHHI 3MIHHUX. OTXe

XZ

y=1+ce?,
Jie ¢ — IOBUIbHA CTalla, - 3aralIbHUN PO3B’ 30K IaHOTO JU(EpEeHITIaTbHOTO PiBHSIHHS.
Ilpuknao 2. 3naiitu po3B’ 130K AU(PEPEHIIATEHOTO PIBHIHHS

e*dx- (1+e*)ydy =0,

SIKUW 3aJI0BOJIbHSIE TTOYATKOBIA YMOB1 y(0) = 1.
Bigokpemitorouu 3MiHH1, OIEPKUMO

e*dx
— = ydy.
1+e
3Biacu
efdx o dd+e’) _y?
= cydy + C, =2 _+(C,
O e ~ O 1+¢€* 2

2
In|1+ e*| = y7 +C - 3arajJibHU IHTETpaJl PIBHAHHS.

3a ymoBo10 y(0) =1 3HaAXOJIUMO In2:%+C, TOOTO C =In2- %

[lykanuii po3B’ 130K 33Ja€THCS HESIBHO:

+In2.

2
In|1+eX =Y 5 1

3ayBaxkennsi. OcTaHHIi pe3ynabTaT (YaCTUHHHMEA pO3B'SI30K) MOXKHA 3HAWTH,

BUKOPHCTOBYIOYHM BU3HAYEHI 1HTETPAJIH:

etdx

= oyay.
O g = O

1
1.3. OxHopinni piBHAHHS

Oonopionumu nudepeHIiaibHIMU PIBHAHHAMH Ha3UBAOTh PIBHSAHHS BUTIISATY

dy

= f(x,y), 1.3
o Ty (1.3)
akuio f(x,y)—oaHopiaHa QyHKIIS HYJIbOBOTO BUMIPY.
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®yukuis (X, y) HazuBacTbes ogHOpinHoI0 PyHKUico BUMipy K BiznocHo
3MIHHHX X, Y , IKIIO JJIs1 OyAb-AKoro t >0 BHKOHYEThCSI PiBHICTH
f(txty) =t“f(xy)
JIiist omHOPIAHUX (PYHKITIHA HYJIBOBOTO BUMIPY Ma€EMO:
ftxty) = f(xy)

3a J0MOMOTOI0 MIJCTAHOBKHA U = X, a00 y=u>x, JIc U — HOBa ITyKaHa (yHKIIISA
X

apryMeHTy X , SIK Toka3zaB JIeHOHIIl, O JHOpITHE PIBHSHHS 3BOJUTHLCS 10 PIBHSIHHS
3 BIIOKpEMJIIOBaHUMH 3MiHHUMH. JIiliCHO,  BIPOBAJMBIIM BKa3aHy 3MiHY,
MIePETIUIIIEMO PiBHSIHHS TaK:

xut+u = f(u).
3BiJICH OJIEP)KYEMO PIBHSIHHSA 3 BIJIOKPEMIIIOBAHUMU 3MIHHUMHU

du _ f(u)-u
dx X
BinokpeMiioroun 3MiHHI 1 IHTETPYIOUH, OJAEPKYEMO
dx du
O— =07 —+C, f(u-u0.
0; f(u)-u )

OpnnopinHe audepeHIiaJbHe PIBHIHHSI MOKE MaTH BUTJIST
P(x, y)dx + Q(x, y)dy =0 (1.4)
3a yMOBOMO, 1m0 GyHKIIL P(x,y) 1 Q(X,y) - ogHOpigHi (YyHKIII OJHOTO BUMIpY,
TOOTO (PYHKIIIT, AJI SIKUX MAlOTh MICII€ CHIBBIJHOIICHHS:
P(tx,ty) =t"P(x, y), Q(tx,ty) =t"Q(x, y),
ae n - creminb (abo BUMip) ogHOpimHOCTI, t>0.
Hanpuknan, yHkiii
X-y X+xy
X+y | X-y
€ OJHOPITHUMHU (PYHKIISIMU BIAMOBIIHO HYJIBOBOIO, MEPIIOro, IPYroro Ta k-oro

X HyRoxy L XKty v

BHMIDY.
Ilpuknao 3. Po3B’ a3aT piBHSHHS:
xﬂ = ylnl.
dx X

3anuiemo pi | oYY

PIBHSIHHS Y BUTJISIL ==|n=.

dx x X
[IpaBa yacTrHa LILOTO PIBHSHHS € OJJHOPIIHOIO (DYHKIIIE€IO CTENEH] HYJIb!
Y I nt—y =Y I nz.

tx tx Xx X
OT1xe, 1aHe PIBHAHHS € OJHOPITHUM. 3pOOUBIIH MIJCTAHOBKY Y = UX, MAEMO

du
XX—+Uu=uXxnu,
dx

abo
xxd—u =uXInu- 1.
dx

Bigokpemitorouu 3MiHHI, JiCTaHEMO
7



du dx

u(inu- 1) X
[Ticnst iHTErpyBaHHA OAEPKUMO 3arajibHUI IHTETrpal
Ininu- 4 =In[X +InC|, Inlnu-1=InCH, C=const.

y

Ha 3akiHyenHs TpeOa 3MIHMTHM U Ha . 3arajbHUN I1HTErpajg pIBHSHHS Mae
X
BUTJISIA;
Inin? - ]‘ =In/Cx.
X

[Ticnst MOTEHIIIFOBaHHS OCTaTOYHUIA pe3yIbTaT TaKUil:

InX-1=Cx
X

Crin 3ayBa)XuTH, pU BIIOKPEMITIOBaHH] 3MIHHUX MU MPUITYCTUIIH, IO u(lnu- 1)1 0.
ko u(lnu- 1) =0, Toai u=0,u=e KopeHio u=0 BiAnoBijgae 3HaYeHHA Y =0, IKE HE
HaJIEXHUTh J0 00JIacTI BU3HAYEHHS PiBHAHHS. KOpeHIO u=e€ BIANOBIJA€E PO3B’ 30K
y=ex. [Ipore 1eil po3B’sA30K MICTUTHCS B 3arajibHOMy pO3B’S3Ky, TOMY IO HOTO
MOXKHa OTpuMatu i3 3arambHoro npu C = 0. OTke, mpu BIJOKPEMIJICHHI 3MIHHUX
BTPaTH PO3B’ sI3KIB HE BIJIOYIIOCH.

Ilpuknao 4. 3naiiT po3B’ A30K PIBHAHHSA

&- ycoslt—:jdx + x>cosY dy =0,
X

X2

(vl e)

SIKUW 3a7I0BOJIBHSIE TIOYATKOBIA yMOB1 y(1) = 0.

Y

X

oaHOpiaHI GyHKIT ogHOro BUMIipy (BuMipy 1). [ToknmaBiim y = usx, AicTaHEMO
(X- xucosu)dx + xcosu(xdu + udx) =0,

y

JlaHe piBHSAHHS € OAHOPITHUM, TOMY IO P(X,y) = X- ycos> 1 Q(X,y) = Xcos> -
X

abo dx+ xcosudu =0, o + cosudu = 0.
X

3BIAKY TICTS IHTETPyBaHHS
I +snu=C, Inx+sny=c.
X

BpaxoByroun ymoBy y(1) =0, Maemo C=0. OTK€ YaCTUHHUM IHTETPAIOM

JTAHOTO PIBHSHHSA €

Inx] +sind =0
X

8



1.4. Jliniiini piBHSAIHHSA

Jinitnum HeogHOPIAHUM  TUEpEHITIAIBHIM  PIBHSHHSAM TEPIIOTO TMOPSAKY

HA3UBAETHCS PIBHSHHS BUTIISTY
y+ p(x)y = q(x), (1.5)
ne p(x) 1 q(x) - 3ama”i HemepepBHI (QYHKII. Yy, y( BXOAATH JiHIAHO, TOOTO Yy
nepmomy creneHi. (IIpu g(x) © 0 oaepKUMO BIAMOBITHE OJHOPIAHE PiBHSAHHS). s
pO3B’s3yBaHHS IILOTO PIBHAHHS ICHYIOTH IE€BHI METOMU. MM pO3TJISHEMO, Tak
3BaHUM, MeToJ bepHyIi, B OCHOBI SIKOTO JICKUTDH 1/Ies 3HAXO/KCHHS PO3B’A3KY Y
BHTJISAII y=u(x)>v(x),1Ie u=u(x) 1 v=v(X) - HeBiIOMI JaOBUIbHI (yHKIIi. Tomi
y(=ut+uvC IligcTaBnsoum 3aMicTh y, y¢ iX BUpa3u yepes u, V, U, v, MaeMo:
uv +uvi+ p(x)uv = g(x), ado uvt+ v (ut+ p(x)u) = q(x).
OyHKIio u(X) BUOESpPEMO 3a YMOBOIO ul+ p(x)u =0 (1€ JiHiIiHEe OXHOPIIHE PIBHIHHS,
y SIKOMY 3aBXKJ{ BiJIOKPEMITFOIOTHCS 3MiHHi). OTXKe,
u(x) =e ¥,

BBaxkaemo, 110 crana interpyBanus C = 0. J[ns po3uryky GyHKIIT v(x)
OJIEPX)KYEMO TaKOX PIBHSIHHS 3 BIIOKPEMIIIOBAHUMH 3MIHHUMMU:

g PO % =q(x), a60 dv = q(x) %" dx

3BIIKH

(‘ja(x)dx

V(X) = ca(x)>e dx+C, ne C - goBUIbHA CTala.

ITepemMHOXHUBIIH U(X)1 V(X), JICTAHEMO 3arajJbHUAN PO3B’ SI30K PIBHSHHS

g o )
y=e % xge\Ojl(x)e")(x) “dx+C2
2

IIpuknao 5. Po3B’ 3aT piBHSIHHS
xy¢ 2y = 2x*.

Po3B’ s130K 11yKaemMo BIAMOBIIHO MeTOAy bepHyIi y BUTTISAAL Y = u(X) >V(X).
Tomi
Xu® + xuve- 2uv =2x*, a00 xul+ux(xve 2v) = 2x".

OyHKIII0 V(X) BUOEpeMo Tak, mo0 xv(- 2v=0. BigokpeMHUBIIN y IbOMY PIBHSHHI

3MiHHI, OJEPKYEMO

V2K b =2y b v=xe,
\ X

Toxi u(x) 3HaiIEMO i3 pIBHIHHSI Xu¥ = 2X* npu v = x>

9



%:Zx b du=2xdx b u(x)=x’+C,
X

ne C - crana iHTerpyBanHs. OTxxe, 3arajJbHii po3B’ 130K 33JaHOTO PIBHSIHHS Mae
BUTJIAL
y(X) = (x* + C) xx>.

Ilpuxnao 6. 3HaliTH PO3B’ A30K MU(DEPCHINATHLHOTO PIBHSHHS Y&+ y*gX = cos’ X,
SIKMI 33JI0BOJIbHSIE TIOYATKOBIM yMOBi (3amaua Korri) yg%g= %
edo
3anaHe piBHAHHS JIIHIMHE HEOJHOpIIHE . BUKOHY€EMO MiICTAHOBKY
y=u(x)>v(x):
u® +uveruvxgx=cos’x P u®+uxve+vxgx) = cos® x.
@OYHKIII0 V(X) 3HAHEMO, BAKOPUCTABIIIA YMOBY V(+V3tgx =0:
dv dv
o -vxgx P —=-tgxdx P Inv/=InjcosX b v=cosx.
X v
Jlami mykaeMo u(x) :
du :
™ xcosx =cos’x P du=cosxdx P u=cposxdx=sinx+C.
X
OTxe, 3arajJbHUl PO3B’ 130K MA€ BUTJISIL;

y =cosxXsinx+C) :%sin 2x+ C cosx.

[TixcTaBisgr04Yy B OCTAHHE CIIBBIAHOIIEHHS X = % y= % ICTAaHEMO
Lo lgPiceos® b 1214Y26 b oo
2 2 2 4 2 2 2

Takum 4YMHOM, YaCTUHHUHN PO3B’ SI30K PIBHSHHS Ma€ BUTJIS;

1 .
= —>x3n2X.
y 2

1.5. PiBusanus bepnysuii

Pignannam bepuynni Ha3UBa€ThCSA PIBHSIHHS BUTIISITY
y&+ p(x)y = q(x) xy*, (1.6)

e at 0,a !l Skmo a =0, 1€ piBHSIHHS € JIHIHWHUM HEOTHOPITHUM, TIpH N =1
OJIEP>KY€EMO JTIHIITHE OJTHOPIIHE PIBHAHHS, Y IKOMY 3aBXK/IM B1IOKPEMITIOIOTHCS
3MiHHI (11l BUTIQJKK BiKe OyJIU pO3TIISTHYTI paHiIie).

1IToxminuBiM OOMABI YacTHHU piBHSAHHA bepHymn Ha Y° 1 MOKIABIIA
z=y"*, z¢=(1- a)xy *y¢ piBHAHHA BepHyIl MOXXKHA 3BECTH JI0 JIHIHHOrO BiJIHOCHO
z 1 z(:

10



z 4
14 T POIZ=a).

Tomy MOXkHa 3aCTOCYBaTH JIBa METOAM: 00 PO3B’ s13aTH OCTAHHE JIIHIMHE PIBHSAHHSA, A
. . , 1- .

TIOTIM 3aMiHUTH Yy OJIEPKaHOMY PO3B’ 3Ky ZHa Y - , ab0 3aCTOCYBATH IiJACTAHOBKY

y =u>v 0e3mnocepeaHno 10 piBHSHHS bepHyi.

IIpuknao (. 3HaliTy 3arajJbHUN PO3B’ 130K PIBHSIHHS
Inx
yor ¥ =2 2,
X X

3aCTOCY€EMO MIJICTAHOBKY Yy = U>V '

u¢/+uv¢+——2|nx ?v?, abo uQv¢+——+ud;/ 2Inx V2,
X X X g X
. . . % av v av dx
@DyHKITII0 V(X) 3HAWAEMO 3 piBHSAHHSA V&+—=0, 800 —=-— P —=- "=,
X dx X \ X
3BiaKH IV =-1Inx P v= 1
X
OYHKIII0 u(X) 3HANIEMO 3 HACTYITHOTO PIBHSHHS:
1 Inx 1 du Inx Inx
udx— = 2—><—>u p ——2—d p Zo—dx
X X x° u? Ou_

Jlo ocTaHHBOTrO i1HTErpana 3aCTOCYEMO METO]I IHTErpyBaHHA YaCTUHAMMU:

| - d_dxu
Inxdx_l nx v Xl,__|r1_X+\dx__Ir1_x_1+C
O :du %; v:-l%/ x Oz X X
i X Xp
L 2l x+1) o «
Tomy U X 3BIJIKT

2(Inx+1) +Cx’
OT1xe, 3arajibHUM PO3B’ 130K 3aIAHOTO PIBHSHHS Ma€ BUTJIS/L

1
2(Inx+1) +Cx’

y:

2. IM®EPEHIUIAJIBHI PIBHAHHS IPYT'OI'O MOPAAKY
2.1. OcHoBHi 03HAYEHHS i MOHATTHA

HudepeniiianbHe piBHIHHS IPYToro MOPSAKY MOKHA 3aITUCATH Y BUTIISIL
11



F(xy,y¢y9 =0, (2.1)
a00, SKIIIO BOHO PO3B's3aHE BIJTHOCHO TOXIJHOI APYTOTO MOPSJIKY, Y BUTIIAII
ye= £ (x,y,Y9. (2.2)

bynp-ska HemepepBHa Ta 2 pa3u audepeHmiiioBaHa QYHKINS y=j (X)
HA3UBAEThCS po36' sizkom piBHsSHHA (2.1) abo (2.2), sAkmio migcraHoBka ii Ta i
HOXITHHUX Y IIi PIBHSHHSI IEPETBOPIOIOTh OCTAHHI Y TOTOXHOCTI.

3aoaua Kowi 1yis piBHSHHS JPYroro MOPSIKY IMOJSTAE Y PO3IIYKAaHHI TaKoro
PO3B 513Ky, KU 3a]I0BOJILHSIE YMOBAM

Y(%) = Yo, Y{(X) = ¥,

T X, Yo, Y§ - A€SIKI Hamepes 3aAaHi yucia. ['eoMeTpudHuil 3MICT MOYATKOBUX YMOB
MOJISITa€ 'y 3HAXOPKEHHI Takoi 1HTETpajbHOI KPHUBOI PIBHSIHHS, SKa Mpoxojauia O
yepe3 3allaHy TOUYKY (X,,Y,) 1 Mama O y I Toull 3aaHuil KyTOBUH KOe(Dilli€eHT
JOTUYHOI, 1110 IOPIBHIOE Y.

®dynkiis y=j (x,C,,C,) HA3UBAETbCA 3acaibHUM po38‘sskom piBHAHHA (2.1)
a00 piBHAHHA (2.2), SIKIIO BOHA 3aJ0BOJILHSE UM DPIBHSHHSAM IPH BCIX 3HAYCHHSIX
TOBUTbHUX cTanmux C,C, 1 13 Hel MOXKHA JICTaTH OyIb-SIKUW YaCTUHHUU PO3B'SI30K
IIUX PIBHSIHB.

CunisBigHomenns f (x,y,C,,C,)=0, ne C,C, - IOBUIbHI CTalli, Ha3UBA€ThCS
3aeanbHUM IHMe2paiomM PIBHIAHHS IPYTrOTo MOPSIKY.

2.2. PiBHSIHHS IPYTOr0 MOPSAKY, 10 J0NYCKAKTH 3HUKEHHS MOPSIAKY

IcHye pocuTh BENUKHUI Kjac pPIBHSHB JAPYroro MOPSJKY, IO JOMYyCKAaOTh
3HUKEHHS MOPSAIKY. AJle MU OOMEKHUMOCS JIUIIE TPhOMa MPOCTIIITUMU BUTIAIKAMHU.

l. PiBHsIHHS BUrsiny y€= f(x) po3B s3yl0Th OecriocepedHiM 1HTErpyBaHHSIM.
JIiiicHO, MPOIHTETPYBABIIN OJIMH Pa3, MAEMO:

y¢=cf(x)dx+C,, C,=congt.
[IpoinTerpyBaBIy Bapyre, 3HAHAEMO 3arajibHUA PO3B’ A30K:
y=clcf dxjx+cx+C,, C, =const.
Ilpuxnaol. Po3B’ si3aTw piBHSHHS y(=sinx.

[TocinoBHO 1HTErPYIOYH, 3HANUIEMO:
12



y¢=csinxdx =- cosx+C,, y =- ccosxdx+C,x+C, =- sinx+C x+C,.

[1.  PiBHAHHA F(X,y(y®) =0 He MICTUTh ABHO LIyKaHOi QyHKIi. BBenemo HOBY
byHKIII0 V(X) =Yy( Tomi oep>KUMO PIBHSHHS MEPIIOT0 MOPSIKY BiAHOCHO

GyHKIIT V(X): F(x,v,v0) =0.
[TpumycTtrMo, 1110 3HAMIEHO 3arajdbHUHN PO3B’ 130K IHOTO PIBHSIHHS
v(X) =] (%,Cy).

3aMiHIOIOUM V(X) Ha Y( JicTaHeMo Y(=j (x,C,). 3BiAKM 3arajJbHUI PO3B’A30K IILOTO
PIBHSIHHSI Ma€ BUTJISI!
y=0d (x,Cpdx+C,.

Ilpuxnao 2. 3naiiTi 3aradbHU pO3B’ A30K PIBHSHHS
(1+ x*)y¢ 2xy¢=0
Ta BUAUIMTH 3 HHOTO YaCTUHHUHN PO3B’ SI30K , AKUI 3a70BOJIBHSIE TTIOYaTKOBUM YMOBaM
y(@ =0, y(1) =1.
[Tokmamemo y(=v(x), y¢=v(x). Toai nane piBHIHHSI HaOyBa€ BUTJISAIY:
(1+ x?)ve- 2xv=0.
Bigoxpemitoroun 3MiHH1, 3HAXOUMO

dv _ 2xdx
v 1+x?

b InM=Inl+X°[+InC| P v=C(1+x?).

3MIHIOIOYH V(X) Ha y( THTErpyeMO L€ pa3 1 OTPUMYEMO 3arajibHU PO3B’ 30K JAHOTO
: & x°0
piBHAHHA y=C EX+—=+C,.

3g
BuninuMo 3 11b0T0 3araibHOr0 po3B’ A3Ky YaCTHMHHMI. BUKOPHCTOBYIOUH MOYATKOBY
YMOBY Y(1) =0, MaeMo.

0= Clgi+ :—139+ C,, abo gcl +C, =0. y¢=C,(1+x*). BUKOpHUCTOBYIOUH APYTY MMOYATKOBY
e 3o

yMOBY Y(1) =1, 3HaxoauMo 1=C, (1+1), 3Biaku C, :%.

OTtxe, 7151 BU3HaUY€HHA ctanux C,, C, MaEMO CUCTEMY PIBHSHb:

| 1
i =5
|
.4
i—C,+C, =0
~ 3 1 2
3Bigcu C, =1, C,=- Z. TakuM YWHOM, IIYKAaHWW YaCTMHHUW PO3B 30K 3aJaHOTO
2 3
PIBHSIHHS Ma€ BUTJISA. Y= x £$X.2
' 6 2 3

13



[11. PiBusiHHS F(y,y(y®) =0. Lle piBHAHHS HE MICTUTb HE3aJICKHOI 3MIHHOI X.

Brenemo HOBY yHKITIIO, 3aeKHY BiT y: y(=p(y). Tom

¢= 909 _dp(y) _dp(y) dy _dp
dx dx dy dx dy

[TincraBistoun OCTaHHI BUpa3H IS MOXIHUX y JaHe JudepeHIliaabHe PIBHIHHS,

OJICPYKUMO PIBHSHHS MEPIIOTo MOPSAIKY BITHOCHO (QYHKIIT p(y):

F(y, p(y), p((y)) =0.

Hexaii ¢dynkmis p(y)=j (y,C) € 3araJbHHM pO3B’ SI3KOM IIbOTO PIBHSHHS.

d . . : :
[ToxmaBuum p(y) = d—y MPUKAJIEMO A0 PIBHAHHS 3 BIIOKPEMIIFOBAHUMH 3MIHHUMU
X

gy =j (y,C), ne C - noBLJIbHA CTaJla IHTETPyBaHHS.
X

[HTErpyroun 1oro, OAEp>KUMO 3arajibHUM PO3B’SI30K PIBHSHHSA, PO3TISHYTOTO
[IbOMY ITYHKTI.
Ilpuknao 3. 3HaiiTu 3arajibHUNA PO3B’ 30K NU(PEPEHIIATEHOTO PIBHSIHHS
2yt y& =1,
3acTocyeMo MmiIcTaHOBKY Y(= p(y). Toxi 3agane piBHSIHHS 3aIUIICTHCS TAK:

2yp@ =1+ p°.
dy

e piBHSHHSA MEPIIOTO MOPSAKY, IO JTOMYCKAE BIIOKPEMIICHHS 3MIHHHX

2pdp _ dy
p? oy
3B1jCH
In(L+ p?) =Injy|+InNC|, C,1 0, 1+p?=Cyy.

[TigcTaBIIsiIOUn CIOIM 3HAYCHHS P = Y(, MaeMO

1+(y9* =C,y.
TakuMm yuHOM,

ﬂ:i Cy-1 P L:dx.
dx +,/Cy-1

[HTerpyroun oOMABI YaCTUHU OCTAaHHBOTO PIBHSAHHS, 3HAAEMO

2
iE Cy-1=x+C,,

1

14

y



abo y:Ci+%(X+C2)2,C11 0, C,,C,=const.

1

3ayBaxeHHsl. SIKI0 y pO3MISIHYTUX MPUKIagaxX po3B’si3yeTbes 3amada Ko,
ctam iHTerpyBaHHa C;,C, PEKOMEHAYEThCA 3HAXOAUTU Yy TPOIEC 1HTErpyBaHHS
Tu(dEepeHIiaIbHOTO PIBHSHHS, TOMY II0 B OKPEMHUX BUIMAJKaX HAsIBHICTh JOBLIBHUX
CTaJIMX 3aBaKa€ IHTErPyBaHHIO a00 YCKJIAJHIOE HOro (HampuKIa:, 3yCTPIiYarOThCs
IHTerpay, SKi He 3aBXKIU MOKHA BUPA3HUTH Yepe3 eJIeMEeHTapHI (YHKIIIi).

Ilpuknao 4. 3naiiTu po3B’ A30K PIBHSHHS, IKUI 33]JOBOJIbHSE IOYaTKOBUM yMOBaM:
2y¢- 3y* =0, y(-2)=1 y¢-2)=-1

3HU3UMO TIOPSIOK PIBHSHHS, 3aMiHUBIIN Y¢= p, y@= p%. Tomi
y

2p3—5-3y220 P 2pdp=3y’dy P p*=y’+C.

3HaxoauMo ctany C,, MiICTaBISAIOYHM Y OCTAHHE CIIBBITHOIICHHS y=1 p=y(=-1:
(-)?=1+C, b C,=0.
3
Taxum yuHOM, p°=Yy°, p==*y2,

. d .
3aM1HIOI0YH p HA d—y , JICTAaHEMO
X

'
N

=+x+C, P mx=
ITincTaBiasgioun x = - 2, y = 1, 3HaX0aUMO Cs:

N2=24+C, 2)-2=-2+C,

N1 N1

CZZO; C2:-4.

OTxe, YaCTUHHUX PO3B’ A3KIB JBa:

v
v

2.3. Jliniiini nudrepenuianbHi piBHAHHSA APYroro NOpsaKy 3i cTajauMu
Koe(inieHTaMHu

Jlinitine  HeoOHOpiOHe  PIGHAHHA  OPY2020  HOPAOKY 3i  cmaiumu
Koegiyienmamu 3anMCyIOTh Yy BUTTISIL
yt+ pyt+ay = f(x), (2.3)
ne p, q— ctami, f(x) - HEOMHOPITHICTD, a00 MpaBa YacTHHA PIBHSIHHS.
Tpeba 3BepHYTH yBary Ha Te, IO IHTETPYBaHHS TaKUX PiBHSIHD 3aBXKIU
15



MOXJIMBE, IPUUOMY Y JEIKUX BUIAJKaX BOHO 3BOJUTHCS /10 aureOpaiuHux oneparii.

2.4. Onnopinne nudepenniaibHe piBHAHHSA APYroro NopsaAKYy 3i cTaJIuMu
KoedinieHTaMu

OnHopigHe piBHSHHS
yt+ pyt+ay =0 (24)
IHTETpYEThCS ~ METOJOM, SIKUW 3ampomoHyBaB mmie y 1743 p. Jleonapn Eiinep:
YaCTUHHUM pO3B’ SI30K PIBHAHHSA IIYKA€THCA Y BUTIISAI

y=¢€", (2.5)
ne K mae Oytu takuMm, o6 1 GyHKIs Oyiia po3B’ 13koM piBHAHHS (2.4).
3HANUIIOBIIHN OX1IHI
ye=ke™, y@=k2%e™
1 MiICTaBMBILH 1X pa3oM i3 ¢pyHkiiero (2.5) y piBastaus (2.4), maemo:
e*(k* + pk+q) =0.
3Bimcu BurmiuBae, 1mo GyHKIS (2.5) € po3B’s3koM audepeHIiaTbHOTO

piBHsHHEA (2.4) TOAI 1 TUNBKM TONI, KOJMM cTaya BennduHa K Oyne po3B’si3koM
KBaJPaTHOTO PIBHSAHHSA

k?+pk+q=0, (2.6)
SIKE HA3UBAETHCS XAPAKTCPUCTHUUHHM.

Crin 3ayBaXKuTH, 10 3araJIbHUM PO3B’ 130K JIIHIMHOTO OJHOPITHOTO PIBHSHHS
Mae crierupiuyHy CTPYKTYpY, SIKa BCTAHOBIIOETHCS TEOPEMOIO:

3azanvHuii  po3e’ A30K y(X) JIHIUHO20 O0OHOPIOHO20 PIGHAHHA OpPY2020
NOPAOKY € JIHIIUHA KOMOIHAYWIA 060X 11020 NIHINIHO HE3A/eHCHUX D036’ A3Kie Y,(X)i
Y,(X) , moomo ynxuia euoy

y(x) =Cy,(¥) +C,y,(%), (2.7)

de C,,C, - 008inbHi cmai.
Otrxe, Tpeba  MaTu JBa JIHIAHO HE3aJNEKHUX PO3B A3KY VY, (X)1Y,(X).
BusHnaueHHss cucTeMu N JIHIMHO  HE3aIEKHUX (QYHKUIA y 3araJbHOMY BHIJISAI

TIOCUTh ckinagHe. ToMy 3a3HauMMoO, SIK MOXHA JIETKO TMEPEBIPUTH JIHIAHY
HE3JICKHICTh TBOX (PYHKITIH:

AKWO0 GIOHOUWIEHHA 080X (PYHKUIN He O00piHIOE cmaiil, mo ui 061 hyHKuii
JUIHITIHO HE3A/1eMCHI.

TakuM YHHOM, 3aJIUINAETHCA JIMIIE BKAa3aTH BUIJIAA JIHIHHO HE3aJeKHUX
PO3B’ s13K1B. 3p0OHUMO II€ 3a JOTIOMOTOIO TaOJIHIII:
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Tun kopeHiB piBHsHHS (2.6) JIiHiHO He3aekKHI PO3B’ A3KH

3araibHUI pO3B'SI30K

ki 1 K, — mificHi KOpeHi v,(X) =€, y,(xX) =€

V() = e +C e

= = k— miu % 5 = @ = hox
ki = ko=k JUACHHH IBOKpATHUH y,(X) =€, y,(X)=xe

KOpiHb

y(x) = (C, +C,x)e"

k,,=a tbi, i =+/- 1- KOMIUTEKCHi y,(X) =€™cosbx, y,(x)=€"sinbx

CIIpsIKEH1 KOPEeHi y,(X) =€e™(C,cosh x+C,sinb x)

OTxe, po3B’sI3aHHA JIIHIHHOTO OJIHOPITHOTO IU(EepeHIiaTbHOTO PIBHSIHHS 31
CTaJIuMU KoedileHTamMu bakTHIHO 3BOJIUTHCS hi () O3B’ SI3yBaHHS
XapaKTePUCTHIHOTO PiBHSHHSA (2.6).

2.5. Heoxnopinue nudepenuiajibue piBHAHHSA APYroro NopsiaKy 3i cTajauMu
koedinienTamu. CrneniaibHUN BUIJIAL IPABOI YaCTUHHI

3BepHEMOCH 10 piBHAHHSA (2.3). CrouaTKy pO3rJIIHEMO BHUIAIOK, KOJIHM IIpaBa
YacTHHA IIHOTO PIBHSAHHS Ma€, TaK 3BaHWi, croemiadbHuii Buriasg. CTpyKTypy
3arajibHOrO PO3B’ A3Ky piBHAHHA (2.3) BU3HAUAE meopema:.

3azanvnuit po3é’ azox pienanns (2.3) oopienioe cymi 3az2anvHoz2o po3eé’ A3Ky
pisnanns (2.4) i 0esakozo wacmunnozo po3eé’ a3y pienanus (2.3)

Y(X) =Y, +V.
BBakaeTbes, 110 MpaBa yacTuHa piBHSHH (2.3) Mae crieriaibHUi BUIIISI, SIKIIIO

f(x) =e*P,(x),
7€ MHOXHHUK a y TOKa3HUKY E€KCIOHEHTH MOX€E JIOPIBHIOBATH HYJIIO, MOXE OyTH
TIACHUM YHUCIIOM, IIO HE JOPIBHIOE HYJIO, MOXKE OyTH YSIBHMM a00 KOMILIEKCHUM
YHUCIIOM, Pn(X) —3aJaHuii OaratodjieH cTemneni m3 O.

Jani OyayTh pO3MISIHYTI BaXKJIMBI YaCTUHHI BUMNAIKU CHEIIaJIbHOTO BUTIISITY
MpaBoi YaCTHMHH HEOJHOPITHOTO PIBHAHHS, SIKI MOXHA OJEpKaTH 3a JOIOMOTOIO
dbopmynu Eitnepa:

e = e®(cosbx+isinb x).

BusBnserscs, 10 YacTHHHI PO3B’S3KH HEOJHOPIAHOTO pPIBHSAHHA OyJaeMo
IIyKaTH, BUKOPUCTOBYIOUM BHIJIAJ HOTO IIpaBOi YAaCTHHHM, a TaKOX PE3YJIbTaTH
anamizy (auB. Ta01.2.1,2.2). 3BepHEMOCS 10 TaOJIHUIIb.
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Tabnuys 2.1

Burmsan nmpasoi Amnamniz Burnsg yacTUHHOTO pO3B’ A3KY
YaCTUHH
1. f(x)=P,(x),a=0 Yucno 0 y=Q,(¥) =bx"+bx™+..+b b (i=1..,m)
HE € - HeBU3HAYEHI Koe]ilieHTH
KOpEHEM
PIBHSHHS
(2.4)
2. f()=e*P,(x), a— |Yucnoa | y=e™Q_ (x)=€e™(b,x"+bx™ +..+b ), b (i =1,...,m)
JIICHE YHUCIIO HE € - HeBU3HA4YCHI Koe(DillieHTH
KOpeHEM
PIBHSHHS
(2.4)
f(x) = P, (x)cosb x+ Yucma y=Q, (X)cosb x+T (x)sinb x,r =max(m,n),
" +R,(XY)sinbx tbiHee | 7 (x)=dx +dx ' +..+d,_x+d  d (i=1..r)-
KOPCHAMH | yepnsnaveni koedirieHTH
PiBHSIHHS
(2.4)

4, Yucma y=6™(Q, (x)cosb x+T.(x)sinb x), r = max(m,n),
f(X)=e*(R,(X)cosbx+ |az+bi T.(X)=dx" +dx*+...+d_,x+d,, d (i=1.r)-
+R,(x)sinbx) HC € HeBM3HaYeHi KoedilieHTH

KOPEHSIMU

PIBHSIHHS

(2.4)

Tabnuys 2.2
Burmsin mpaBoi Amnami3 Burmnsg yacTUHHOTO pO3B’ A3KYy
YaCTUHU
1. f(x)=P,(x),a=0 |YucnoOe y=Q,(X) =x5(b,x™ +bx™  +...+b ), b (i =1,...m)

KOpeHEM - HeBU3HAYEHI Koe]ilieHTH
PIBHSIHHS
(2.4
KpaTHOCTI S
(s=12)
Yucnoa € y=e*Q, (x) = e®x*(b,x™ +bx™ +...+b ), b (i =1,..

2. f(x)=€e*P,(X), a— | KOpEHEM

JCHE YHUCIIO PiBHSHHS
(2.4) . - HEBU3HAYCHI KOeQILI€HTH
KpaTHOCTI S
(s=12)
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IIpooosorcenns maon.2.2

%’ b o Hucna £bi | = ys(Q (x)cosbx+T. (x)sinb x),r = max(m,n),
(X) - m(X)COS X+ €.K0peHHMI/I -I-r (X) = dOXr +leI’-l +...+dr_lX+dr ’ di (l :L,r) _
+ R, (X)sinb x PIBHAHHS
(2.4)
KpPaTHOCTI S

HEBU3HauUeH1 KoedirieHTH; S=1 s piBHAHHS
JPYroTo MOPSIAKY

4, Yucna y = x€™(Q, (x)cosb x+T, (X)sinb x), r = max(m,n),
f(x)=€”(R,(X)cosbx+|atbi e T.(X)=dx" +d,x*+...+d,_x+d ,d (i =1..r)-
+R,(X)sinbx) KOpCHAMHI HeBM3HaYeHi KoedinienTu; S =1 1y1st piBHAHHS

PIBHAHHS JPYrOro MOPSIKY
(2.4)

KpPaTHOCTI S

PosriisitHeMo npukiiaau.
Ilpuknao 1. 3naiiTu 3arajgbHUNA PO3B’ 30K NU(PEPEHIIATEHOTO PIBHIHHS
y- 2y(- 8y =0.
JIist 3a71aHOTO JIIHIMHOTO OJHOPIAHOTO PIBHSHHS 31 CTAIUMH Koe]illieHTaMu
CKJIQJITAEMO XapaKTEPUCTUYHE PIBHAHHS Ta 3HAXOJMMO HOTO KOpEH:
k?- 2k-8=0, k,=1+1+8=13 k =-2k,=4.
OTxe, 3arajlbHUM PO3B’ I3KOM JJAHOTO OJTHOPITHOTO PIBHSHHS €
y=C,e > +C,e™.
Ilpuknao 2. 3HaWTH PO3B’ 30K AUQPEPCHINATBHOTO PIBHSHHS, SKHH 3aJ10BOJILHSE
moyaTkoBUM yMoBaM (a0o, 1o Tex came, ymoBaM 3ajaui Korri):
yl+6y+9y =0,
y(0)=1 y%0)=1.
Binmykaemo criouaTky 3arajibHUN PO3B’ S30K:
k?+6k+9=0 b k =k,=-3 b y=e¥(C,+C,x).
3HaiineMo nmoxiHy GyHKIIIT Y:
y¢=-3e¥(C,+C,x)+C,e >,
BukoprcToByr0YM TOYaTKOBI YMOBH, JICTAHEMO CHCTEMY:
1C =1
1.3c,+C,=-1
OT1xe, IIyKaHUN PO3B’ 130K

b C,=1 C,=2

y=€e¥(1+2x).

Ilpuknao 3. 3HaiiTu 3arajgbHUN PO3B’ A30K PIBHSIHHS
y«+9y =0.

CxiazeMo XapakTepUCTHUYHE PIBHSHHS, 3HAWIEMO MOro KOPEHI Ta 3amuIlIeMo
ITyKaHU# O3B’ 130K 33/1aHOTO PIBHSIHHS:
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k?*+9=0 b k =3i,k,=-3 P y=C,cos3x+C,sin3x.

Ilpuknao 4. 3HaiiTu 3aragbHUN PO3B’ A30K PIBHSIHHS y«- 4y+29y =0.
BukoprcToByI04YM CTaHAAPTHY CXEMY, OJIEPKYEMO:

k?- 4k+29=0 b k,=2++4-29=2+5 b y=e"(C,cosbx+C,sin5x).
IIpuknao 5. 3HaliTy 3arajJbHUN PO3B’ 130K PIBHSIHHS
y€- y(=-2x.

CroyaTky 3HaXOAMMO 3arajbHUN PO3B’ 30K BIAMOBIAHOTO OJXHOPIAHOTO
piBHSHHS: k- k=0 P k =0,k,=1 P y,=Ce>+C,e™=C,+C.".

YacTUHHUN pO3B’SI30K HEOJHOPIHOTO PIBHSHHS IMyKAaEMO Y BUTJsAAL (auB.
Tab1.2.2)

¥ =xxAx+B),

ne A, B — HeBu3HaueHi KoeQILI€HTH, IJi1 PO3LIYKY SKUX MIJACTaBISEMO Ied
pO3B’ 30K Ta HOro moxigHi y¢=2Ax+B, y@=2A y JaHe HEOMHODIAHE PiBHSIHHS Ta
NPUPIBHIOEMO Koe(DillieHTH mnpu MNOAIOHMX y 000X YacTUHax OJEpPKaHOro
CHIBBITHOIIEHHS .

2A- 2Ax- B=-2x; -2A=-2, A=1 2A-B=0 b
B=2A=2 omouce  y=xXx+2).
TakuM 4YMHOM, 3arajJbHUM PO3B’ 30K 3aJIaHOTO PIBHSIHHS JTOPIBHIOE:!
Y=y, +y=C, +C,e* + xxx+2).
Ilpuknao 6. Po3p’ sa3atu 3anauy Korri:
y®+y=4e*, y(0)=4,y§0)=-3.
BuKopuCTOBYIOUM CTAaHAAPTHY CXEMY, MAEMO:
k?+1=0,k, =%i, y,=C,cosx+C,snx; y= Aty =§/2 =Ae*; A" +Ae =4e" b
2A=4 b A=2 y=y,+ Y/ =C,cosx+C,sinX+2e* - 3acanvhuil po3e' s130K.

st po3B’sizanHs 3amadl Komni Tpeba BUKOpPUCTaTH MOYATKOBI yMOBHU. Jlis
IbOr'0 3HANWIEMO MOXIJIHY BiJI 3arajbHOIrO PO3B’SI3KYy Ta MiJCTaBUMO MOYATKOBI JAaH1
y PpO3B'SI30K Ta HOro MOXIAHY. 3aJUIIA€ThCS PO3B sI3aTH JIHIMHY CHCTEMY 13
HeBimomumu C,C,:

} y =C, cosx+C,sinx+2¢e* b :

7 y¢=-C,sinx+C, cosx +2¢e* i

TakuM 4YMHOM, IITYKaHUW YaCTUHHHUU PO3B’ 130K MA€ BUTJIA/L:
y =2cosx- 5sinx+2e”.
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IIpuknao 7. Bka3zaTu BUIJISI 3aTalIbHOTO PO3B’ SI3KY PIBHSIHHS, HE 3HAXO/I1YM YHCIIOBI

3HAYCHHS HeBU3HAYCHUX KOCDIIIEHTIB

y€+ y =sin X+ XCOSX.

Jly1st moOy10BU 3arajibHOTO PO3B’ 3Ky OJTHOPITHOTO PIBHSIHHS BUKOPHUCTOBYEMO
XapaKTEepUCTUYHE PIBHSHHS, JJIsl MOOY/IOBA YACTUHHOTO PO3B’SI3KY HEOJIHOPIIHOTO
PIBHSIHHSI BUKOPUCTOBY€EMO Tabnuilo 2.2. OTke, MaeMO:

k?+1=0 b k,=#J-1=#i b y,=C,cosx+C,sinx, y=x(Ax+B)cosx+(Cx+D)sinx]
Poy=y,+y.

Ilpuxnao 8. IloOynyBaTu 3arajbHAN PO3B’ A30K PIBHIHHS
y& 6y¢+8y =2e*sinx.
YucioBi 3HaY€HHSI HEBU3HAYEHUX KOE(ILIEHTIB HE IIYKATH.

BukopucTOBYIOUM CTaHAAPTHY CXE€My MOOYIOBU 3arajbHOTO pO3B SI3KY,
Ma€eMo:

k?- 6k+8=0, k,=3+./9-8=3%1 b k =4k, =2 b y,=Ce¥+C,e”;

y=Ae™ cosx+Be™snx, y=y,+y.

2. 6. Heognopinne nudepenuianbHe piBHssHHA. MeToa Bapianii 10BiIbHUX
craqux (Merox Jlarpan:ka)

PosrisiemMo niHiiiHE HEOJHOPIHE PIBHSHHSA 31 CTATMMH KOe(iIli€eHTaMu
yt+ pyt+ay = f(x),
Jie TpaBa 4YacTWHA € JOBUIbHA (YHKIIS. Y [bOMY BHMAAKYy IS PO3B’ sI3yBaHHS
PIBHSHHS BUKOPUCTOBYIOTh, TaK 3BaHUW, METOJ Bapiallii JOBUIBHHX cCTalux, abo
meron Jlarpamka. CyTs MeToay Jlarpanika mossirae y TOMy, 1110 3arajJbHUN PO3B’ 30K
piBHSHHS Tpeba mykatu y ¢Gopmi 3arajibHOro po3B’sI3Ky BIAMOBIAHOIO OAHOPIAHOIO
PIBHSHHS
y€+ pyt+qy =0,
ajie 3aMIHUBIIU JTOBUIbHI CTall HEBIIOMUMH (YHKIIISIMU, 3a7I€KHUMU B1J X.
CKopHCTaEMOCH CIHIBBIAHOIICHHSM (2.7), 10 3a7a€ 3arajbHH PO3B’ SI30K
OJTHOPITHOTO PIBHSHHSL:
Y(X) =Cpy1(X) + C, ¥, (X).
3aMiHIOEMO JOBUTBHI cTajl C; Ta C; Ha GyHKIIT M(X) Ta N(X) BigmoBigHo. ToOTO
3arajJbHUN PO3B’ 130K HEOAHOPIAHOTO PIBHSHHS Ma€ BUTJIS:
Y09 = M09y (3)+ NGO, (). 2.9)
HacrtynHi i noB’ si3aHi 3 moOYy/10BOIO CUCTEMH JBOX JIIHIMHUX HEOTHOPIIHUX
anreOpaiyHuX PiBHSIHB, Y SIKOT HEBIAOMUMU € TTOX1/1H1 BiJl QyHKIIHA M(X)Ta N(X).
[lepra moxijHa Bij 3arajibHOTO po3B 3Ky (2.8) mae BUTIIAL!
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Y(X) =M () y1(x) + M () yE(X) + N(X)y, (X) + N(X) y§ ().

Haxnagemo 10aTKOBY YMOBY, 3a SIKOIO 15 TTOX1/IHA TTIOBUHHA HArayBaTu
MOX1/IHY BiJ] 3arajJbHOT'O PO3B’ SI3KY BIJMOBITHOT'O OJTHOPIAHOTO PiBHSIHHS, TOOTO
V() = M () Y£(x) + N(x) Y5 (%); (2.9)
(y(x) = C,y{(x) +C,y5(x)).
AJle y IbOMY BUIIAJIKY
M (x)y; (X) + N(X)y,(x) = 0.
Takum 4rHOM, OJIEPKYEMO TepIIe PIBHAHHS IIYKAHOT CHCTEMH .

M (X)y,(x) + N(x)y,(x) =0. (2.10)
Jlani nrykaeMo Apyry HOXiaHy

Y9 = MOIYE) + M O)YER) + NGIYS)+ NOIYS() 1o mrincrasisieno i, a
TaKoX repury moxigay (2.9) Ta ¢pyHkiito y(X), 110 BU3HaYeHa y Bursai (2.8), y nane
HeoaHopiaHe piBHsAHHS (2.3). [Ipu 11bOMYy BpaxoBYeEMO, IO Yi(X) Ta Y»(X) € JIHIHHO
He3aJIeKH1 PO3B’ A3KH BIJMOBITHOTO OJTHOPIAHOTO PiBHIHHS. MaeMo:

M () YEX) + M () y5(x) + NG yE) + NCGOys 9 + p M () y£09) + N5 () +

+ XM (¥, (0 + Ny, () = f (%).

BukoHaeMo feski  TEepEeTBOPEHHS, IMEpPErpyryBaBIIM WICHH JIIBOI YaCTUHHU
OCTAHHBOTO CITiBBITHOIICHHS:

MG Y10)+ NOG) Y509 + M) {y£) + pys )+ ay, () + NO) {y§(9 + pys () +ay, (%) = (3.
IIpu npomy

yH(x) + pyf(x) +ay,(x) =0, y§(x) + py§(x) +ay,(x) =0,

TOMY IO Yi(X) Ta Y2(X) € pO3B’S3KH BIAMOBIJHOTO OJHOPITHOTO PIBHSHHSA. Takum
YUHOM, OJICPXKYEMO II1I€ OJTHE PIBHSIHHS
M (Y£09 + NGO Y09 = T (X, (2.11)
OTxe, 3aJIUIIAETHCS PO3B’ A3aTU CUCTEMY:
‘:, M&X)y; (X) + N&X)y,(xX) =0;
TME)yf+ NEX) yH(x) = f (%) (2.12)

Craiag migKpeciauTH, 10 OCTaHHSA CUCTeMa 3aBXKIW Ma€ €IUHUNA PO3B’SI30K ,
TOMY IO ii BUBHAYHUK HE JIOPIBHIOE HYJIO, OCKIJIBKM € BU3HAYHUKOM BpOHCHKOTro
JIBOX JIIHIMHO HE3ICKHUX PYHKIIN Yi(X) Ta Y2(X).

Yi(X)  ¥,(X)
yAXx)  y$(X)

[{um po3B’ si3kom cuctemu (2.12) e moxinni Bix mykanux ¢pyskmin M(X) Ta N(X).

1

W(x) =

3aIMIIA€THCSA BUKOHATH IHTETPYBAHHS.
Posrasgaemo npukmia.
Ilpuknao. 3HaTH 3araIbHUN PO3B’ I30K PIBHSHHS
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1
ybty=———.
SINX

CkrageMo XapaKTEepUCTUIHE PIBHIHHS VIS BIIMOBIIHOTO OJTHOPITHOTO:
2 — ) —_1 [
k®+1=0; k, =i; k, =-1.
OTxe, 3arajibHUN PO3B’ 130K OJJTHOPITHOTO PIBHSHHA €:
Y, =C,sinx+C, cosx,
a 3araJibHUI po3B’ 130K HEOJHOPIHOTO PIBHIHHS OyJ€MO IIYKATH Y BUTJISIIL:
y =M (Xx)sinx+ N(X) cosx.
Cucrema (2.12) y 1aHOMy BHIIAJKy BUTJISAA€ HACTYITHUM YHHOM:
| M (x)sinx+ N{(x)cosx=0;
i . 1
! M&x)cosx- Ng¢x)sinx=———.
1 sinx
Po3B’s13aB111M cUCTEMY, OJEPIKYEMO

M QX) — COSX

sinx’

NE&x)=-1.
[HTErpyroun, 0CTaTOYHO MAEMO:
_Jd(sinx) _, . _
M(X) =0 . > =InsinX+C;, N(x)=-x+C,.
S

Takum YMHOM, IIYKaHUM 3araJIbHUM PO3B’ I3KOM JAaHOTO PIBHSIHHS € (QYHKITIS:
y =(Inlsinx+C,)sinx+ (- x+C,)cosx.
3. 3AJAYI HA CKIIAJJAHHS JUOEPEHIIIAJIBHUX PIBHSHb

Ha npakTuiii Tpe6a BMITH HE TUIBKH PO3B’ si3yBaTu AUdEpeHIlialIbHI PIBHIHHS,
aJjie 1e ¥ CKIaaaTH 11l piBHSHHS. Po3riissHEMO JeKUTbKa MPUKIIAIIB.

Ilpuknao 1. Hexail po34MHSIIOTH IYKPO3y Y BOJI, NMPUYOMY, Ha MOYATKY peakmii
KUIBKICTh ~ I[YKpPO3H X,, a 3a 4Yac t po3uumHmwiocs x. OOuucinuTH, 3a SKUM dYac

. ) . dx
PO3UYMHUTHCS Y BOA1 BCA IYKpo3a. OCKUIBKHA MIBUIKICTh PO3YMHEHHS at BBaXKaIOTh

MPOIOPILIHOIO PI3HUII MK KOHLEHTPAIIED HACUYEHOIO PO3YHMHY 1 KOHIIEHTPALIEIO
B JIJaHWM MOMEHT 4acy t, MaeMO:

Ie K - meBHA cTajia BEJIUYMHA.
IaTerpyroun, ozmepxkyeMo Inlx,- X =-kt+C. JloBinbHy cTalmy C BH3HAYAMO 3
yMoBH: X(0) =0, TOOTO
C =Inx,.
OTtxe,
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X, - X=-kt+Inx, P Xo- x=xe€ ",
abo X=X,(1- €').

Jli1st po34MHY BCi€i PEYOBHHU X TIOBHHHO JIOPIBHIOBATH Xo, 116 MOXKJTMBE JIHIIIC
npu t® ¥ . OTKe, TCOPETUYHO BCS PEUOBHMHA HIKOJIW HE PO3YMHHUTHCS, & TPAKTUIHO
BB@)XAIOTh, [0 PEUOBMHA PO3YMHIIIACS, KOMH ii KimbKicTh cTayma meHma 3a 0,001
MOYATKOBOI KIIBKOCTI. 3 IUX MIPKYBaHb MaeMO JJid X =0,999x,

e“=0001 b €“=1000.
OTrxe,
_lglooo . 3
~ Ige 04343

kt

» 6,91,

abo t:6’—91.
k

Ochb 32 Takuil Yac MPaKTUYHO BCS I[yKPO3a pO3YMHUIACS Y BOJII.

Ilpuknao 2. 3rigHo i3 3akoHOM HBIOTOHA, IMBUAKICTH, 3 KOO TiJIO0 OXOJIOKYETHCS Y
MOBITP1, IPOTOPIIIHA PI3HUIIl MK TEMIIEPATYPOIO Tifa T Ta TEMIEPaTypoOro MOBITPS
A, TOOTO

dT
—=K(T - A).
g _KT-A)

Toknasmm 4 = 20° C Ta 3Haroun, mo 3a 20 XBHIHH TiI0 0xononyIo Bix 100° o
60°, o6umcIHTH, 3a SKHii Yac TemmepaTypa Tina 6yae 30° C.
[aTerpyroun HaBegeHe nudepeHiianbHe piBHIHHS, MAEMO:

_I_d—TA=kdt P InNT- A=kt+InC| P T- A=Ce, To6T0 T =A+Ce".

3riIHO 3 yMOBOIO, 4 = 20mpu t =0, T = 100, a konu t = 20, To T = 60. 3BiACHU

.1/20

ofepxkyeMo: 100 =20 + C, T06T0 C=80, 60=20+80 € b ¢ = 8%9
ecg
120
OctarouHo T = 20+802
e2g

erep, 00 3HAWTH BIANOBIAL HA 3aIIMTAHHS, TPeOa IMOKIACTH T = . Maemo
T 0 0 T7=30C.M

,t/20 3 Lt/20

30=20+8082 p FL-Fo =g
e2g e2g e2g

Otxe, t = 60 XB.

Ilpuxnao 3. Braxarouu, 1O Omip MOBITPS NPSIMO MPOMOPINAHUN MIBHIKOCTI TiJa,
JOCIIIUTH TIAJAIHHS T1a B MOBITP1, TOOTO 3HAWTH 3aKOH HOTO PyXYy.
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Ha Tis10 fit0Th ABI cWIK: Bara p = mg ta cuia onopy f = bv. OTxe, pe3yibTyro4a
cuiia JopiBHIOE F = mg - bv. Ckiamaemo Take qudepeHIiiaibHe PiBHSIHHS PyXY:

mﬂ=mg-bv, TOOTO dt = mav ,
dt mg - bv
m
t:-EIn(mg- bv) +C.

Komu t=0, v=0, Takum yuHOM, C :%In(mg) 1

Jlauni, po3B’ si3aBIIM OCTAHHE PIBHSHHSA BIIHOCHO N , IICTAHEMO:
v:§:k>(1- e‘g”")
dt

ne k= % InTerpyroun, maeMo:

9
Komn t=0, s=0. O1xe,
k2
g
OcTaTtoyHO 0JEPKYEMO:
é ) u
s=kd +—(e ok 1)L§r
e 9 u

Ilpuxnao 4. Y nporieci XiMIYHOT peakinii Jesika peuoBUHA TIEPETBOPIOETHCS B 1HIINY 31
HIBUJIKICTIO, TPOIOPIIHHOI0 KIJBKOCTI MepeTBOpeHoi peuoBHHHU (MPHIYIIECHHS, 3a
sSIKE BiJIIIOBIIAIOTh XIMIKH):

a) 3amMcaTH 3aKOH 3MiHM KiJIKOCTI X(t) HEIEpeTBOPEHOI PEUOBHUHH Y BUTIIAIL
nudepeHiianbHOro piBHAHHS (KOoe(illieHT MPONOPIIHHOCTI a = const );

0) 3amucaTd 3aKOH 3MiHH KIJTBKOCTI X(t) HEIEpPEeTBOPEHOI PEYOBHUHH Y BUTJISAII
aHATITUYHO1 (HOPMYJIH;

B) depe3 1 roj BiJ MOYATKY IMPOIECY KUIBKICTh HEMEPETBOPEHOI PEYOBUHU
cranoBmia 31,4 1, a yepe3 3rox — 9,7 r; 3HAUTH X(t).

a) OdeBHIHO, MyKaHe AudepeHIiadbHe PIBHSIHHS BiTHOCHO (QYHKINT X(t) Oyne
MaTu BUTJISA;

%:a X, a =congt,
dt
ITpuaomy, x(0) =Xo .

0) lykany aHamiTHuHy (GOpMYITy OJIEP>KHMO, pO3B’ a3yroun 3aaady Ko as
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JHIHHOTO OJHOPIHOTO PIBHSHHS 3 11. a):

Koad b Inyzat+ic| P x©=CE X0)=C=x,

OcTtatoyHo MaeMoO:  x(t) = x,e*'.

B) 3 ojiepkaHoi B 0) hopMyId MaEMO:
X(2) = x,e* =3L4;
X(3) = x,* =9,7.
[Toxinumo apyre piBHSIHHS Ha TEpIIe:

e2a —ﬂ ea — £
31,4’ 314

ToMy y IbOMY KOHKPETHOMY BUIAJKY

X, =3L4e® =314 /% =56,5(T).

Ho peui, ananmiTuaHa dhopmya st X(t) Mae BUTIISIL:

297 0
X(t) :Xo(é mi-
7]

Ilpuxnao 5. Kyapbky Macor0 m KHHYJIHM BEPTHKAJIbHO Bropy i3 IIOYaTKOBOIO
MBUAKICTIO V,. OmopoM MOBITPS HEXTYEMO, BBAXKAEMO, IO HA KYJIbKY JI€ JIUIIIE
cuia Baru. CKJIaCTM MaTeMaTUYHy MOJIEIb 3aJadi, JOCIIAUTH 11 1 1aTh BIAMOBIAL Ha
TaKl MATAHHS.
1) y kM MOMEHT Yacy BiJ| OYATKYy PyXy KyJbKa JOCSATHE MaKCHUMAaJIbHOI
BHUCOTH X, ?

. 2
2) YoMy JIOpiBHIOE “mac

[Ipunyctumo, 10 Kyibka pyxaeTbcsi B3AOBK oci  OX, HampsamieHoi
BEPTUKAJILHO Bropy, CHIIA, SKa Ji€ Ha KYJIbKY, JIOPIBHIOE Mg ,TOA1 32 IPYTUM 3aKOHOM

: d’x _
Herorona: mF =-mg.
IHoxnanemo
dx
x(0)=0, —| =V|_ =V,
t=0
Toxail MmaTeMaTryHa MOJEIH 3a/1a4l Ma€ BUIJIAA Takol 3aga4dl Kom:
d?x dx
—=-0; X(0)=0, —| =V,.
az 9 ©) dt, °
3BIJICH JIETKO 3HANTH aHAITUYHUHN BUPA3 U X(t) Ta X,
V, 0 V
X(t) =Vt - 1gt2 P x¢t)=- gg -2 bt =2
2 9o g
' 2
X = X(te ) = X%gzvi.
9g 29
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IIpuxnao 6. 3HalTH PIBHSHHS KPHUBOI, IO MPOXOAUTH 4Yepe3 Touky A(1,2), kyroBuii
KOE(]IIIEHT JTOTUYIHOI IO KO B KOXKHIN i TOYI JOPIBHIOE MOJBIMHINA OpJUHATI ITi€l
TOYKH.

Hexait piBHAHHS 1rykaHoi KpuBoi y=y(x). [{ro dyHkiiro Tpeba BiamrykaTH.
bepemMo Ha KpuBiii JTOBUIBHY TOYKY M(Xx,y). Bigomo, mo KyToBuil KoedilieHT
JOTUYHOI JI0 KPUBOi Yy TOYIll M (X,Y)IOpiBHIOE TOXiAHIM (yHKINT y=y(x), fKa
(IKCY€ETBCS y TOUIN JOTHKY. 3a YMOBOIO 3ajadi, JIJIsT KOKHOI TOYKH M (X, y) ITyKaHOT
KPUBOi Ma€ MICII€ PIBHSHHS

y(x) = 2y(x).
BigokpemiroemMo 3MiHHI Ta IHTETPYEMO:

%:Zy b Yoow b (‘)d—yzzc‘;ix P Inyj=2x+InC| P y=Ce*
X y y

OpepxkaHo 3arajdbHUI PO3B’SI30K PIBHAHHS. Bimnrykaemo Tenep YacTHHHHMA
pPO3B’s130K, TOOTO PpIBHSAHHSA KpHUBOI, fKka mpoxoauth uepe3 Touky A(1,2).
[lincTaBnsroun y 3arajbHE pIBHAHHSA 3aMicTh (X,y) KoopamHatu Touku A(1,2),
Ma€eMo:

2=Ce¢* P C=2¢72

[TincraBnsitoun 3HaiieHe 3HaueHHS C y 3arajibHUN PO3B 530K, OJEPKYEMO IITyKaHE
PIBHSIHHSI KPUBOI:

y - 2e- ZeZX = 2e2x- 2

4. CACTEMM JIHIHHUX OJJHOPIJTHUX JUPEPEHIIAJIbHAX PIBHSIHb 31
CTAJIUMU KOE®DIINIEHTAMUA

Cucremu JHIMHUX OJHOPITHUX PIBHSIHB 31 CTATMMH KOe(DilliEHTaMH MaloTh
BHTJIS;

] dx

- +b’

Fa
y _

| — =cx+dy,

Tt Y

ne X(t), y(t) - HeBimomi QyHKii, a,b,c,d - cram koedimienTu. HaltmpocTimmii MeTo
O3B’ SI3yBaHHS IIOJISATAE y 3BEJACHHI CHCTEMH JO OJHOIO JIHIHHOTO OIHOPIIHOTO
PIBHSHHS 31 CTaquMu Koe(illieHTaMu JIpyroro TMOpsAKY, BHUKOPHUCTOBYIOUH
BHKJIIOUCHHS OJIHI€T 13 HeBimoMUX (YHKIHM. Po3riasHeMo Jiro METOAy Ha MPUKIaIi.

IIpuknao 1. 3naiiTu 3aragbHUN PO3B’ 130K CUCTEMHU
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I3 mepmroro piBHSAHHS Yy =- %% + % x. [TizcTaBuMO 11€#1 BUpa3 y aApyre piBHSHHS

: : dy . . cdy _ 1d®x, 1dx :
3aMICTb Y , @ 3aMiCTh — HOTO MOXiJHYy MO t: — =- =——+>=—_ OnepKUMO PiBHIHHS
dt dt 3dt® 3dt

JPYroro MopsiiKy BiTHOCHO HEBIIOMOI X:

2 2
_ld_;(+l%:3x_ 1%+EX b d_;(- 2%+1OX:O.
3dt° 3dt 3dt 3 dt dt

Po3B’ s13yeMo 11€ piBHAHHS 1, BAKOPUCTOBYIOUH 3B’ SI30K MIXK X 1Y, OJIEPKYEMO
LIyKaHWUM pe3yJIbTarT:

k*- 2k+10=0 P

=- %(Clet cos3t- 3C,e'sin3t +C,e'sin3t +3C,e' cos3t - C,e' cosdt - C,e' sin3t) =

=¢e'(C,sin3t- C,cos3t).
k., - PO3B’S3KHM XapaKTEPUCTHYHOIO piBHAHHA, C,,C, - TOBUIBHI CTall.

Cnig 3ayBakWTH, IO aHAJIOTIYHO MOXXHA PpO3B SA3yBaTH CHCTEMH JIHIHHUX
HEOJHOPITHUX PIBHSHB, 3BOJISIYM X JIO JIIHIMHUX HEOJIHOPITHUX PIBHSHB JPYTOTO
nopsnky. lllono ocTanHiX, TO BOHU PO3TJISHYTI BUIIIE.

5. BAPIAHTH THAUBIAYAJBLHUX 3ABJAHB JUISI CAMOCTIMHOI POBOTH

Po3s's3atu nudepeniiiaibHi piBHSIHHS (IIPH HASIBHOCTI MOYATKOBUX YMOB 3HAMTH
YaCTUHHHUN PO3B’ A30K).

Bapianm 1
1) (y+xy)dx+(x- xy)dy=0, y@)=1; 2) y- 2xy'=X, y(2)=0;

3) Y-2y=2x ; 4) xy'+y=xy’; 5) 2yyt=1 6) y'-9y=0,y(0)=3 y'(0)=-1;
7) Y'H2y'+ty=xe” y0)=-1, y(0)=-1; 8) y'+y=tgx.
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Bapianm Ne 2

+ X

1) SnxCosydx = CosxSinydy ; 2) Y'= Y , YO =13 xy+y=x+4;
4) 2(y'+xy) =(x- De*y?*; 5) yltg3x =-6Yy( 6) 3y'+10y+3y=0,y(0)=0, y'(0) =1;
7) 2y'-3y'+y=2x*- 3: 8) y'+y=ctgx .
Bapianum Ne 3
) W+x=1, y(0)=0; 2 y* +x*y'=xyy, ¥(3)=4 ;3 y+y=€e’,
) 2y+y=(x- Dy’ 5 y* - y’ye=16) 6y"-y-y=0, y(0)=-1,y'(0)=0 ;
D y-4y=6c+1 ¥(0)=2,Y(0)=3; g y-2y+y=° .
Bapianm No 4
p Y=JYInX, y(€)=1; 2 xy'=4x*+y* , yB)=1; 3 y'-%:x+2;
o YHy=(x- Dy’ 5 y& L=xym=2y@ =0

5 25y'+10y'+y=0; 7) y'-2y'+y=4e" y0)=2, y'(0)=6;

8) y'+2y'+y:ex |

Bapianm Ne 5
) (3+e)yy'=e'; 2 Y+ XY =xyy, y@) =4,
3) y+tgxy =Sin2x, y(0)=2; 4) y+xy=x’y*; 5) (y§* - yy®=0,
6 Y'+by'+6.25y=0, Y(0) =6, y'(0)=2: 7) 6y"-y-y=e*;

1
+y=—
8 Yy Cosx

Bapianm Ne 6

H1+y? =xyy, y(2)=1; 2 y=xy'+y8in§, y@) =

N [T
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3 ] 2 — 1 .
3) Xy'+y=x>+3x; 4) Xy+y=y°Inx ; 5) y(ﬂ:_ﬁ,
6) y'+2.25y=0, y(0)=2, y'(0)=1.

7) y'+9y =2Cos3x, y(0)=1, y'(0)=3 ; 8) Y'ﬂci.

Bapianm Ne 7
1) y'=(2y +Dctgx, y?%%zo . 2) (2x- 3y)dx+xdy =0, y(1) =1;
3 y'+2—xy=x3 4 Y-y =-ye” 5 YE=2(y (- Dotgx;
6) Y'+0.49y=0, y(0)=-1 y(0)=0;

7) Y'+4y- 12y =8Sin2X , y(0)=0, y(0)=0: 8 Y'-2y=4x%e*

Bapianm Ne 8
1) ylny+xy'=0;2) xy'=xe"’* +y, y1)=0;3) y+3y=xe*™, y(0)=0 .
) xy+y=xy?Inx; 5 2yy®=y* + (y9?;

6) 2y'+2y'+y=0, Y(0)=-2, y'(0)=0;

X

7) y'+5y'+6y =12Cos2x , y(0) =1, y'(0)=6: 8) y'-y'= ©

1+e*
Bapianm Ne 9
: _ —yanY
1) y'+ytgx=0, y(0)=1/2 ; 2)Xy—x8n;+y;
3 - =X29nx, @9: 4 '+L+ 2-0 -
)Y ngrap )yx+1y ’

5 XyUnX=yG ¢ 5y"+2y'+y=0, y©0)=-3, y'(0)=0:

1
Sn2x

7) y'+y-2y=3e*, y(0)=0, y'(0)=2 ; 8) y'+dy =
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Bapianm Ne 10

1
D Wy+x=0, y(-2)=4; 2 xy'-y=><t9%;3) y+2y=e”, ¥(0) =

4) y- §=-xy2 .5) y§¢=e’,y(-3)=0,y&-3) =1 ¢) 8y'-4y+y=0 ;

7) ¥-3y'=3x+X*, y(0)=0, y(0)=3; 8) y'+y'=——.
1+e

Bapianm Ne 11
1) xInyxy¢=x%y,y(0)=¢€ 2) ydx+2(/xy - X)dy=0,y(1)=1;
@ 3y =g 2 — o ¢+ Y _. 1 3,,3.
3) y¢& 3y=e7,y(0)=2 4)y+)<+1 2(><+1)y,

5 Y& + yy@=0; ) yt+ 4y(+ 29y =0, y(0) =0, y(0) =15;

LBYHIy=x2 - X+3, y0)=2  yo)=L; 7) y+by= .
7) Y- 6y'+9y X YO =3, YO =2 7) y'+4y —

Bapianm Ne 12
1) e’ (1+x°)dy - 2x(1+€e”)dx=0, 2) y'= e% +%, y(1) =0;
3) y'+§y=exz,y(1) =§: 2) 2xy'+y) =Inxxy*, y(1) = 2, 5)x’y®=(y9*;
6) Y'+7y+6y=0; 7)y'+6y+9y =10sinx,y(0) =0,y{(0) =0;

8) y'+y =tg°x.

Bapianm Ne 13
1) ye™dx + (1+e™)dy = 0; 2) xdy = (y +/x* + y*)dx, y(1) =;
3 y'- %y = x2,y(1) = 0.5; 4) y-xy+y’e™ =0, y(0)=%;
5) 3y§=e’,y(-3)=0,y¢-3) =1,
6) y'-2y+2y=0, y(0)=0, y'(0)=1
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7) y'+9y'=6e™, y(0)=0; y'(0)=0; 8) y'+dy+dy=e>Inx.
Bapianm Ne 14

) y=xy+e'y, y0)=3 2 xy'-y=><tg%; 3 y- Y
| 4
2y Y- 8xy = ny

X -1
6) 25y"+10y'=0, Y(0) =1, y'(0)=-2

==xsinxy(p)=0;
X

, 5) y&+ ytgx=sin2x, y(0) =- 1, y(0) =0;

7) Y'-Y=-2X, y(0)=0, y'(0)=1; 8) y'+dy+dy =e*Inx.
Bapianm Ne 15

1) Y(2+e*)dy=e*dx ; 2) (xy¢- y)arctg% =x, y(1)=0;

y arctgx Y 2 —1.
= : + = =- . «+ y(=
X+2 1+x2’4) y X ;5 Xy y(=1

3) y'+
6) 3y'+7y+2y=0, y(0) =1, y'(0)=2

7) Y'+2y(+ y=2C0SX; ) y'+y=tg°x.

Bapianm Ne 16
-1 1
1) xy¢=x7e” +y6 yB =€ 2 y& Jy=xInx y@)=2 3 (2x- y)y=x+2y,

1
4) xy'+y=§xy2,y(1):2; 5) (1- x°)y® 2xy¢+2=0;

6 y'+y=0, y(%):l y@)=o

¢ ¢+ =2x%e* =2 ! =3 '+Oy = .
7) y& 4y¢+5y=2x¢*, y(0)=2, y'(0)=3; g) y'+9y p——

Bapianm Ne 17
D Y=2"Y, YO =1 9 w=ycosint: gy Y= +5,y(2) =36
4) y+ax’y =4y’e™(1- x°); 5) y@+2y(y9® =0

6) 9y"'+25y =0, y(0) =0, y(0) =0; 7) y'- 10y'+25y =10e, y(0) =5, y¢€0) =1;

1
'+3yC+ 2y = .
B) yH3ybr2y e’ +1
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Bapianm Ne 18

1) 2xy?dx- ydy = yxdy - 6xdx; 2) y':%ln%,, y(e) =1,

Yyr—L =L g yyrIy’=snxy(0=L 5 yé=2e%,y(0)=0,y40) =1
cos’x 1-sin®x 2

6) 9Y'- y-2y=0;, 7) y'-2y+y=4(cosx+sinx),y(0) =1, y(0) =0;

1
sin®x

8) y+y=
Bapianm N 19
) X+Y=YS Y0 =05 2) x(x+2y)dy+(x* - y*)dy =0,

Llo_ 1 _ v v = (1
3 Y+ N yd) =2 4 (1- x*)y-xy- 2xy* =0

5) ye=—1_: 6) y'+4y'=0,y(0) =7,y(0) =8, y(0) =8

2y

7) y'+2y'+5y =4sinx + 22cosx; 8) y'+2yC+y= €

- X

Bapianm Ne 20
2y V4 xy = _o wy=snZY vy =P
) LX)y +xy=0y(2)=2 2) x-y=sn==y@=";
3) y'cosx- ysin x=cos5x; 4) y+y:e2\/§/,y(0):%; 5)  xy@¢=.1+(y9?;

6) 9y"-y-2y=0; 7) ¥-3y'=3(2- x°), y(0)=0, y'(0)=1

X

" . e
8) y'-2y'+ty = vt

Bapianm Ne 21
1) (- Vx)dy=ydx 2) xy=y+ XCO%,y(l):O; 3) y&Einx + ycosx = sin’ 2x;
4) y+2xy=2x°y*,y(0) =1 5) 4y’y@=y*- 1 6) y'+y =0, y(%)=l y'(%)=0;

7) YHy+y=(x* +x)e"; 8 Y'+yl=tg®x
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Bapianm Ne 22
1) ySinxdx + (cosx - 1)dy =0, y(%) =% 2) (y?- 2xy)dx+x’dy=0, y@)=2
3 Yty ><371X =In5X 4y yy-4x- y*x=0; 5X°yé=(y9?;
6) y'+3y+2y =0, y(0)=1 y'(0)=-1

7) y'-3y- 10y =sinx+3cosx; 8) Y'+4y =tgx.

Bapianm Ne 23
' , 1
1) y'cosx=yIny,y(0) =€ 2) xy+y*=(2x*+xy)y; 3) y- ;y:(x-xz)z YD) =0;
4) y'- X y=szy1i 5) (1+x*)y®+2xy¢=2x%,y(0) =0, y§0) =1,

6) y'+6y'+13y =0, y(%) =0, vy (%) =1  6) Y'+7y+12y = 24x? +16x - 15

O Y YT
Bapianm Ne 24
1) 2x°ydy =(3+y*)dx, 2) y¢=4+%+85—)/(9,2y(1):2; 3) y- ctgxxy =sin® x;
exXg

4) xy+y=2y%Inx; 5 (1+x?y€+2xy¢+2=0,y(0) =1, y€0)=1;
6) y'+2y'+10y=0, y(0)=2, y'(0)=1

7 y-2y+y=16e%, y(0)=1 y(0)=2 8§ y+2y+y =3 Vx+1,
Bapianm Ne 25
1) +/ y2 +1dx = xydy; 2) (xy- y)ctg% =X, 3) y+cosx>y=cosx, y(0)=3

2
1- x

2Xxy/(
4) 3y'+y) =y Inx, y(1) =3, 5) y& 1_)?'(2 +——=0,y(0)=1y%0) =1

5 Y'+4y'=0, y(0)=7, y'(0)=8,

1
sin3x’

6) Y'-8y'+12y =-65c0s4X; §8) y'+9y=
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Bapianm Ne 26

1) (1- €)sinyxy¢=e* cos’ y, y(0) =%; 2) (y* - 2xy)dx + x*dy =0, y(0) =1,

C1 2,/
3) y-—y=Inx,y@ =5 4 y'+gy= 2y . 5) yegx=ye+1y2)=0ye?)=-1
X X COS“ X 4 4

6 2y'-3y(- 35y =0, y(0)=1, y(0)=5

7 Y'+16y =16Cos4X; g) y'+y= S

Bapianm Ne 27
1) 3y'_ X2y¢+ x =0, y(5):0; 2) xdy - (y+sin2—xy)dx:0, y(l):%;
3) Y'COSX- ysSinx=cos5x; 4) xy'+y=y?In3x,y(1) =1, 5) xy€t+ y(=x+1;

6) 3y'+7y(+2y=0, y(0)=1 y(0)=2

- X

7) Y- 13y+12y=x-1 y()=3 Y1) =2 g y+2yt+ry= xf 1

Bapianm Ne 28
1) (2xy+y)y=3- y2,y(0)=2 2) 2X°y'=y(2x* - y?),y(1) =1;

3) v+ 1 y:arcsinx_
x-17 1. %2
5 xy® y¢=x*y(1) =2 y€1)=0; 6) 2y'+4y'+y=0, y(%):o, y‘(%)=l;

2 ..
4) y'- yXgx = - gy“ xsinx, y(0) =1

7) Y'+64y = CosBx + 2sin8%, y(0)=0, y'(0)=0; g) y'+y=

3"

sin” X
Bapianm Ne 29
1)3y- x*y¢+x=0, y(5) =0; 2) Xy'= xco% +y, y() = %;

3) Sinxxy'+cosxxy =tg2x; 4) 3xy'+by =(4x- 5)y*;

2X
x?+1

5) y¢- y¢=0;, 6 ¥y'+y=0, y(0)=2, y'(0)=0;

7) Y'-y'=2% y(0)=0, y(0)=2 8)Y+y:9.nzx-
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Bapianm Ne 30

D y- Y =0y02)=L 2 x/=yein), v = %; 3) YHGXXy =cos’ X

4) (y+y?)X(x+1)=-y,y(0) =1 5 xytinx=y(+1 6) y'-6y+34y=0;

7 y-ay=1+6x2, Y(0)=2, y(0)=3 g y*-y=e"ine".
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